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ABSTRACT

This dissertation discusses several probabilistic graphical models which address problems in
pattern recognition and optical motion capture tracking. It first introduces the augmented hidden
Markov model with equivalence classes (AHMM+EC), which provides a unifying framework for a
large number of existing state-based probabilistic generative models. For example, the AHMM+EC
can be used to represent regular hidden Markov models (HMMs), terminating HMMs, hierarchi-
cal HMMs, semi-Markov models, reduced-parameter models, Markov models of order larger than
1, and conceptual combinations thereof. The advantage of such a unifying framework is that an
algorithm specified or implemented for the AHMM+EC is immediately applicable to any of the
models it can represent. The dissertation then shows how the AHMM can be extended into the
semantic network model (SNM), in which states of probabilistic models can be marked as semantic
states. States are marked when they carry some special meaning to the application, for example
the beginning or end of a gesture. Defining semantic states allows formulating and solving prob-
lems specifically related to semantic states, which is shown useful in segmentation of an unknown
observation sequence, event-driven application frameworks, on-line learning, and finding multiple
likely explanations of the data. Both the AHMM and SNM models and related algorithms have
been implemented in the open source AME Patterns library, which is presented in a broad overview,
and with an accompanying analysis of various tradeoffs and design decisions involved. Finally, the
dissertation presents a comprehensive method aimed at making optical motion capture more robust
and less time consuming. The first part is an autonomous algorithm for the real-time creation of a
moving subject’s kinematic model from optical motion capture data and with no a priori informa-
tion. The second part shows how the automatically built kinematic model can be matched to known
persistent models to provide consistent labeling of its elements. The net effect is that the tedious

subject calibration phase typically associated with motion capture is completely eliminated.
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1. INTRODUCTION

This dissertation discusses two probabilistic graphical models which address problems in pattern
analysis and optical motion capture tracking. The main part of the discussion is divided in four
chapters. Chapters 2, 3, and 4 deal with problems in pattern analysis, specifically pattern modeling,
recognition, and synthesis, however most of the focus is on pattern recognition applications. The
chapters introduce a new graphical model that unifies a number of existing models, extend it to
allow patterns to be marked with semantic meaning, and present an open source implementation
of the models and algorithms involved. Chapter 5 presents a separate model that addresses optical
motion capture tracking.

The model introduced in Chapter 2 is titled augmented hidden Markov model with equivalence
classes (AHMMA+EC), and provides a unifying framework for a large number of existing state-based
probabilistic generative models. Such models have been proposed for the modeling of temporal pat-
terns, and the recognition of patterns such as gestures and speech. Specifically, the AHMM+EC can
be used to represent regular hidden Markov models (HMMs) [37], terminating HMMSs [2], hier-
archical HMMs (HHMMs) [11], hidden semi-Markov models (HSMMs) [31], reduced-parameter
models [43], and Markov models of order larger than 1 [48]. This is accomplished through gener-
alized non-emitting states, as well as the use of equivalence classes in training.

Non-emitting states are sometimes used, for example, as “dummy” or “null” start states in reg-
ular HMMs, or used as terminal states of an HHMM abstract state. In AHMM+ECs, non-emitting
states are treated generally and can be used flexibly for a number of purposes. The equivalence
classes are related to models in which training must preserve equality between different parts of
the model, either in equality of certain transition probabilities or in equality of certain observation
probability distributions. Again, equivalence classes in AHMM+ECs provide a general mechanism

which can be used flexibly for the needs of each of the individual models. It is by using the com-
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mon language of non-emitting states and equivalence classes that AHMM+ECs are able to describe
a wide range of models.

Compared to other unifying frameworks such as Dynamic Bayesian Networks (DBNs) [31],
or Hierarchical Multi-Channel Hidden Semi Markov Models [33], the AHMM+EC is less general
in that it doesn’t directly account for factorization of states. However, it has a desirable property
that most common algorithms are only marginally more difficult to specify for the AHMM-+EC than
they are for a regular HMM. Once implemented, these algorithms work without modification for any
supported model. This allows researchers and developers to easily evaluate algorithms across a wide
range of models, and evaluate a wide range of models for any given task or problem domain. This
allows for a more holistic understanding of the properties of different algorithms and models, and
facilitates finding the best model / algorithm combination for a given problem domain. It can also
facilitate fast prototyping of new algorithms and models. All this makes AHMM+ECs a valuable
unifying framework for models that do not employ factorization of states.

The value of AHMM+ECs is further supported by Chapters 3 and 4, which present material
based on the AHMM+EC model and are thereby simultaneously applicable to all of the special case
model types that the AHMM+ECs can represent.

Chapter 3 introduces the semantic network model (SNM), in which states of generative prob-
abilistic models can be marked as semantic states. States are marked when they carry some special
meaning to the application, for example when they represent the beginning or end of a gesture.

Defining semantic states allows us to formulate and solve problems specifically related to
semantic states. For example, given a sequence of observations, we can find what semantic states
were likely visited, and when they were visited. If the semantic states were used to mark the

beginning and end of pattern submodels, that corresponds to finding which patterns occurred in the
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data, and when they occurred. This gives a more direct way of obtaining the important high-level
information, without the need to find the full correspondence between all states and observations.

Obtaining the high-level information more efficiently is especially important in real-time sce-
narios, such as those involving continuous user interaction via gesture or speech. In such scenarios,
we continuously receive new data that can change our perspective on what has happened in the past.
For example, what we first interpret as the word “forever” may turn out to more likely correspond to
the words “for everyone” as we receive new data. The SNM allows us to pinpoint higher-level events
such as recognitions of new words or undoing recognitions of previously hypothesized occurrences,
by concisely describing them as changes in the hypothesized sequence of visited semantic states.
An application using speech and gesture recognition can then be implemented as an event driven
system that responds appropriately to new visits of semantic states, revised times of visitation, and
undoing of previously assumed visits to semantic states. In addition to gesture segmentation and
event-driven application frameworks, SNMs can also be used to facilitate on-line learning, as well
as finding multiple likely explanations of the data.

Because the SNM is presented as an extension of the AHMM+EC, it is applicable to all
types of models that are special cases of AHMM+ECs. This in turn validates the usefulness of
the AHMM+EC, because rather than having to present how semantic states and related algorithms
need to be applied to each of the special case models, the presentation is done only once in the
context of AHMM+ECs.

Chapter 4 presents the AME Patterns library, which is a C++ implementation of AHMM+EC
and SNM concepts and algorithms, and uses generic programming principles. Because of the use of
generic programming, the algorithms can easily be applied to any modality (e.g., speech, gesture, or
purely numerical data). This also allows ideas and algorithms developed in one field (e.g., speech

recognition) to be immediately usable in other fields, as long as the implementation is generic.
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Furthermore, tﬁe use of generic programming allows the library to be used with data types that
provide different tradeoffs, e.g. between space and time complexity.

As the flexibility of generic C++ programming comes at a cost of high programming complex-
ity and increased compile times, the library also provides higher-level application programming
interfaces (APIs). For common uses such as classification, on-line recognition, synthesis, or train-
ing, the library provides various task class templates which are easier to use and can be somewhat
customized via template arguments. We also prbvide a collection of purely object-oriented C++
classes for a few of the most common usage scenarios and modalities, provided in a pre-compiled
library: ofxPatterns. The advantage of ofxPatterns are reduced compile times, and a (sometimes
preferred) object-oriented C++ interface. Finally, we have recently started developing an additional
library offering a C interface, with the goal of the same functionality as ofxPatterns. The C interface
allows the library to be used in environments where C++ is not an option, thus increasing portability.
For example, it can be loaded as a shared library into C#. The chapter discusses all such tradeoffs
involving programming complexity, flexibility, portability, and compile times in more detail.

Just as SNMs supported the usefulness of AHMM+ECs by validating that it allows a broadly
applicable theoretical extension, the AME Patterns library supports the usefulness of AHMM+EC
by validating that it allows a broadly applicable software library implementation.

Finally, Chapter 5 presents a comprehensive method aimed at making optical motion capture
more robust and less time consuming. While marker-based optical motion capture is a reliable and
mature technique to capture body kinematics such as joint angles and joint locations, and has proved
useful for many applications, such as rehabilitation, kinesiology, sports training, animation, and
interactive arts, using such motion capture is usually expensive, cumbersome, and time consuming.

These drawbacks stem from the requirements of marker placement on the subject’s body, manual
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entry of a marker set model, calibration of the subject, imperfect real-time data caused by marker
occlusion and noise, and high financial cost of quality optical motion capture system software.

To address these issues, we present a completely autonomous algorithm for the real-time cre-
ation of a moving subject’s kinematic model from optical motion capture data and with no a priori
information. Our approach solves marker tracking, the building of the kinematic model, and the
tracking of the body simultaneously. The novelty lies in doing so through a unifying Markov ran-
dom field framework, which allows the kinematic model to be built incrementally and in real-time.
Then, we show how the automatically built kinematic model can be matched to known persistent
models to provide consistent labeling of its elements. The net effect is that the time consuming
subject calibration phase typically associated with motion capture is completely eliminated. We
validate the potential of this method through experiments in which the system is able to accurately
track the movement of the human body without an a priori model, as well as through experiments
on synthetic data. We also provide an example of a persistent model, to which our system is able to

match an automatically constructed kinematic model.



2. THE AUGMENTED HIDDEN MARKOV MODEL WITH EQUIVALENCE CLASSES
2.1 INTRODUCTION

Over the years, many state-based probabilistic models have been proposed for the modeling of tem-
poral patterns, and the recognition of patterns such as gestures and speech. Examples of such models
are hidden Markov models (HMMs) [37], terminating HMMs [2], hierarchical HMMs (HHMMs)
[11], semi-Markov models [31], reduced-parameter models [43], and Markov models of order larger
than 1 [48].

On one hand, the large number of models is an advantage - having models of different prop-
erties makes the availability of an adequate model for any given problem more likely. On the other
hand, the diversity of the models poses a challenge to research and software development commu-
nities - to holistically compare the models, one would have to implement the required algorithms
and experimental code for each model in turn.

Fortunately, all of these models share common properties. For example, most of them can
be described as instances of dynamic Bayesian networks (DBNs) [31], or as one of the Hierarchi-
cal Multi-Channel Hidden Semi Markov Models [33]. However, because DBNs and Hierarchical
Multi-Channel Hidden Semi Markov Models allow for state factorization (i.e., the concept that the
current state of the model is composed of several factors), algorithms that deal with these general
models must take state factorization into account. Since none of the models presented in the open-
ing paragraph use state factorization, this is an unnecessary complication when dealing with these
models alone.

The augmented hidden Markov model with equivalence classes (AHMM+EC) proposed in
this chapter is also capable of representing each of the models listed in the opening paragraph.
This is accomplished through generalized non-emitting states, as well as the use of equivalence
classes in training. Non-emitting states are not uncommon in state-based generative models. They

are sometimes used, for example, as “dummy” or “null” start states in regular HMMs, or used as
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terminal states of an HHMM abstract state. In AHMMs, non-emitting states are treated generally
and can be used flexibly for a number of purposes. The equivalence classes are related to models
in which training must preserve equality between different parts of the model, either in equality of
certain transition probabilities or in equality of certain observation probability distributions. Again,
equivalence classes in AHMMs provide a general mechanism which can be used flexibly for the
needs of each of the individual models. By using the common language of non-emitting states
and equivalence classes, AHMMEs are able to describe a wide range variations of HMMs, including
HMMs with termination probabilities, HHMMs, semi-Markov models, reduced parameter models,
and larger order Markov models.

In addition, such common descriptive language of AHMMs based on non-emitting states and
equivalence classes leads to simple and generalized training and inference algorithms for AHMMs,
independent of the actual model structure such as model topology and number of states. These
training and inference algorithms for AHMMs are straightforward extensions from those of the
traditional HMMs and they are easy to state and to implement. Once implemented, these algorithms
work without modification for any supported model. This allows researchers and developers to
easily evaluate algorithms across a wide range of models, and evaluate a wide range of models for
any given task or problem domain. This allows for a more holistic understanding of the properties
of different algorithms and models, and facilitates finding the best model / algorithm combination
for a given problem domain. It can also facilitate fast prototyping of new algorithms and models.
In particular, it makes it easy to evaluate conceptual combinations of any of the supported models,
enabling discovery of new models which may be more suitable for particular scenarios.

We have already implemented the models and algorithms discussed in this chapter and made

them available in the AME Patterns library (see Chapter 4), available to the public in the open
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source AMELIA distribution [40] under the GNU General Public License. Since its release, several
individuals and development groups have downloaded and tried this library with positive feedback.
This chapter is organized as follows. In Section 2.1.1, we review some existing work that
is related to the models discussed in this chapter. In Section 2.2, we will begin with our presen-
tation of the augmented hidden Markov model (AHMM), and in Section 2.2.1 our presentation
of the equivalence classes used in conjunction with the model. Section 2.3 will describe how
a number of other models such as HMMs, HHMMs, etc., can be described as special cases of
AHMM+ECs. Section 2.4 adapts the basic inference and training algorithms used with pattern
modeling to AHMM+ECs. Finally, Section 2.5 presents a number of experimental results obtained
by our implementation of AHMM+ECs. Some of the results merely reproduce results reported on
existing literature, and support the correctness of our models and implementation. Other results
expand on previously reported experiments by comparing a wider range of models, and show how
a wider set of tested models, facilitated by the AHMM+EC framework, can provide a fuller under-
standing of the problem.
2.1.1 RELATED WORK
There are many bodies of work related to the models discussed in this chapter. Murphy [31] pro-
vides an excellent treatment of various HMM-related models, all cast as special cases of dynamic
Bayesian networks (DBNs). As a unifying framework, the DBN is a much more powerful model
than the AHMM because it allows factorization of the state space. This makes the general DBN
more complex than necessary when the needing is to represent only models that do not utilize state
factorization. The Hierarchical Multi-Channel Hidden Semi Markov Models [33], introduced by
Natarajan and Nevatia, also takes into account factorization of states. Their presentation offers an

example of how taking into account state factorization can increase the complexity of algorithms.
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E.g., compare the two algorithms presented in [33] to the Viterbi algorithm used for AHMMs, which
essentially applies equations (20) and (21) for each time step and for all states.

The AHMM+EC does not take into account factorization of states into account, but for many
useful models this is not necessary. The resulting framework is consequently much simpler than
DBNs or Hierarchical Multi-Channel Hidden Semi Markov Models, at the expense of generality.

A comprehensive review of hidden Markov models is presented in [37]. The hierarchical
hidden Markov model (HHMM) [11] in particular is commonly used for pattern recognition. An
HHMM can be viewed as a model that is itself composed of multiple HMMs. This is very useful in
cases where the system being modeled is hierarchical, such as in speech recognition. In speech, a
sentence can be modeled as a sequence of words, and each word in turn as a sequence of phonemes.
An HHMM speech recognition system could model each phoneme by a separate HMM, and then
bring the individual HMMs together in an HHMM hierarchy. The AHMM offers equivalent support
for representation of hierarchical models. An abstract state in the HHMM corresponds to a pair of
non-emitting states bounding a subcomponent of the model in the AHMM.,

The non-emitting states used in AHMMs are analogous to the auxiliary states presented in

k [38]. As described above, they are also related to abstract states in AHMMs. Special cases of non-
emitting states can also be found in “dummy” or “null” states which are sometimes used as unique
starting or terminating states of an HMM [53].

Before HMMs became the ubiquitous tool for gesture recognition, simpler dynamic program-
ming alignment (DPA) methods were commonly used. These methods solve the problem by com-
paring a known sequence of observations (a training sample) with an unclassified sequence. This
can be done, for example, using the edit distance algorithm [25], or dynamic time warping [19, 8].
Our adaptation of the Viterbi algorithm (Section 2.4.1) to AHMMs evolved from a joint treatment

of HMMs and DPAs presented in [41].
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Many of the algorithms used for training and inference in all of these models can be described
as instances of the sum-product algorithm in factor graphs [20], or the general distributive law
[1]. For example, the training of hidden Markov models is typically done using the expectation-
maximization algorithm [28]. We adapt this and other algorithms for use with the proposed model.
2.2 THE AUGMENTED HIDDEN MARKOY MODEL
Like the HMM and other models mentioned above, the AHMM is a state-based probabilistic gen-
erative model. State-based probabilistic generative models are stochastic state machines in which
entering some or all states emits an observation. We will refer to those states which emit an ob-
servation as ermitting estates. We also assume that emitting states produce observations from an
observation set OO, which can be either discrete or continuous. We will refer to those states which
do not emit an observation as non-emitting states. As stated above, such non-emitting states are al-
ready used in different ways in related models. The version presented in the context of the AHMM
generalizes their properties and can be used flexibly for a number of purposes.

As there are many different notation conventions in use for hidden Markov models, here we
will utilize a convention we believe will be easy to remember while reading this paper.

As a starting point, we present a traditionally defined hidden Markov model using our notation
convention. A hidden Markov model Agrpras = (S, B, T, O) is defined by a set of states .S, a begin-
ning state probability distribution B, a state transition probability function 7, and the observation
probability function O. The HMM begins its execution in a state chosen by B, i.e. it will begin in
some state s € S with probability B(s). At each time step, the HMM will make a state transition -
if itis in a state s € S it will transition into state s’ € .S with probability T'(s, s’). In each state, an
observation is generated according to the observation probability distribution O.

We now define our augmented hidden Markov model (AHMM) A = (E, N, Sy, S,, T, O) by

a set of emitting states £, a set of non-emitting states N (and we denote the union of the two as
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S = FE U N), a set of beginning states S, C N, a set of ending states S, C N, a state transition
probability function 7" : (S'\ S.) x (S\ Sp) — [0, 1], and an observation probability function O.
If O is discrete, then O : E x © — [0,1]. If O is continuous, then O is a probability density
functionand O : E x © — [0, co). In our discussion, we will place the word density in parenthesis
to account for both scenarios - e.g., O is a probability (density) function.

For simplicity, this paper will only deal with the case where there is a single beginning state s,
(Sy = {sp}), and either a single ending state s, (S. = {s.}) or no ending states (S, = ().

The augmented HMM behaves similarly to a regular HMM, but with a few points of departure.
The states are divided into disjoint sets of emitting states ' and non-emitting states N. When
emitting states are entered, they emit an observation belonging to the observation set O according
to the observation probability function O. Specifically, the probability (density) of state e € F
emitting observation o € O is given by O(e, o). Unlike emitting states, non-emitting states do not
emit an observation when entered.

Unlike the traditional HMM, the AHMM does not include the beginning state probability
distribution in the model definition. Rather, the model always begins in state s, and until it arrives
to a state in .S, it makes transitions according to the state transition probability function 7" (therefore,
if S, = (}, the model will make transitions indefinitely). 7" must satisfy that the sum of transition
probabilities out of any (non-ending) state is 1. Since only emitting states produce an observation,
and we assume that observations are generated/collected at some consistent frame rate, entering an
emitting state takes one time step, while all other transitions are executed instantaneously. Since the
AHMM transitions instantly to non-emitting states, it can visit multiple states in the same time step
(but in a well defined sequence). We use X; to denote the set of states visited in time-step ¢. For

example, we can say that s, € Xj.
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Fig. 2.1. A sample AHMM. Solid circles represent emitting states, and dashed circles repre-
sent non-emitting states. Arrows indicate positive transition probabilities. Thin arrows indicate a

transition probability of 1, and the thicker ones a transition probability of 1.

Figure 2.1 shows a sample AHMM. There are three emitting states (£1, F’o, F3) and six non-
emitting states (sp, N 1, Ng, Na, N3, s¢). The transition probabilities are such that for any state s, all
non-zero transition probabilities out of s are equal.

We will now note a few definitions and restrictions. Let S = E U N. Let the (directed)
transition graph of the AHMM X be G(\) = (Gg, Gg) with vertices Gg = .S and edges Gg such
that (s,s’) € E¢ if and only if T'(s,s’) > 0. We call a path (s1, s2, ..., $,) inside G(A) where
81,8, € S and sg,...,8,—1 € N an internally non-emitting path. If s,, € N, we also call such a
path a non-emitting path. If rather s,, € F, we call such a path an emission-terminating path.

Please note that in this definition it is possible to have no intermediate nodes in the path, i.e.
we can have n = 2. In the example from Figure 2.1, (s, E1) is a emission-terminating path and
(Ei, N3, N3) i
path).

Given s € S and e € FE, define C;’; to be the set of all internally non-emitting paths
connecting s and e. For any such path ¢ = ((s; = s),82,...,(sn = €)) € CI", define

p(c) = H?;ll T'(si, si+1), 1.e. the product of T" values along the path. Finally, define

T (s,e) = Z p(c) (1

ceCtn,
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Fig.2.2. An HMM corresponding to a slight modification of the AHMM in Figure 2.1 (the ending
state s, from Figure 2.1 was changed into an emitting state to allow the conversion). Arrows
from one state to another indicate (and are labeled by) transition probabilities, whereas arrows not
originating at a state indicate beginning state probabilities.

To be clear, if C¥%, = § then T""(s, e) = 0.

For simplicity, we will restrict AHMM s in this paper in requiring that for any states s, s’ € S,
there is at most one internally non-emitting path from s to s’. This rule simplifies the discussion
by disallowing alternate non-emitting paths between emitting states, as well as disallowing loops
composed entirely of non-emitting states.

Note that we can convert an AHMM with no ending state to an equivalent HMM by limiting the
states to emitting states. The beginning state probability distribution of the HMM is determined by
emission-terminating paths originating in the single AHMM beginning state. The transition proba-
bilities from a particular emitting state are determined by emission-terminating paths originating in
that emitting state.

Formally, given an AHMM A saras st
Aapmm = (E,N,{s},0,T,0), 2
the equivalent HMM Aprazas is s.t.
Aavm = (B, B, Tumm, O), 3)

where B(e) = T (s, e) and Typar(e, €) = T (e, e') foralle,e’ € E.
For example, Figure 2.2 shows an HMM obtained through conversion of a modified version

of the AHMM given in Figure 2.1. Since HMMs do not support ending states, before applying the
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conversion we substitute the non-emitting state s, shown in Figure 2.1 with an emitting state which
always transitions to itself.

2.2.1 EQUIVALENCE CLASSES

To be able to represent certain models as special cases of an AHMM, we need to be able to enforce
equality between transition probabilities and / or observation probability distributions. For example,
the constant reduced parameter model [43] requires a number of transition probabilities be of the
same value. In a semi-Markov model, we will need a number of emitting states to share the same
observation probability distribution.

To this end, we supplement the AHMM with equivalence class information, which dictates
which transition probabilities / observation probability distributions are constrained to be equal.
The equivalence classes are related to the equivalence relation “is constrained to be equal to”. Any
mutating AHMM algorithm (any algorithm that modifies an AHMM, e.g. a training algorithm),
must leave the AHMM in a state that satisfies the constraint. For non-mutating algorithms, such as
an inference algorithm, this information is irrelevant. Since inference algorithms do not modify the
model, it is meaningless to constrain parts of the model to be equal - they are either equal or they
are not.
2.2.1.1 TRANSITION PROBABILITY EQUIVALENCE
Transition probability equivalence is given over the set of all pairs of states which can have a tran-
sition between them. If s € S\ S, and s’ € S\ Sp, we denote by [(s, s')]7 the equivalence class
of (s,s"). For any (s”,s") € [(s, 8')]1, T (s, s') is constrained to be equal to T'(s”, s”"). We denote
the set of all transition equivalence classes Cr.

In some cases, no additional transition equivalence class information is needed. In this case,

Cr={{(s,s)}|s €S\ S,s €5}
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Fig.2.3. A sample AHMM with transition probability equivalence classes. Transitions drawn
with dotted lines form one equivalence class, and transitions drawn with dashed lines form another

equivalence class. Transitions within the same equivalence class are constrained to have equal
transition probabilities.

Fig. 2.4. A sample AHMM with observation probability distribution equivalence classes. Each
dashed rectangle encloses an equivalence class. States within the same equivalence class are con-
strained to have equal observation probability distributions.

For an example of an AHMM+EC which uses transition equivalence classes, con-
sider the model in Figure 2.3. There are three equivalence classes: {(sp, E1)},
{(E1, E1), (E2, E2),(Es, E3)}, and {(E1, E2), (Eo, E3),(Es, s.)}. Any algorithm that modifies
transition probabilities, such as a training algorithm, must leave the model in a state where transi-
tions within the same equivalence class have equal transition probabilities.
2.2.1.2 OBSERVATION PROBABILITY DISTRIBUTION EQUIVALENCE
Observation probability distribution equivalence is given over the emitting state set . Fore € F
we denote by [¢]o the equivalence class of e. For any ¢’ € [e]o, O(e) is constrained to be equal to
O(e’). We denote the set of all observation equivalence classes Co.

In some cases
Co = {{e}le € E}.

For an example of an AHMM+EC which uses observation equivalence classes, consider the
model in Figure 2.4. There are two equivalence classes: {E1, E»} and {E3, E4}. Any algorithm
that modifies observation probability distributions, such as a training algorithm, must leave the
model in a state where states within the same equivalence class have equal observation probability

distributions.
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Fig.2.5. HMM with termination probabilities modeled as an AHMM. Transitions between emit-
ting states are omitted for clarity.

2.3 SPECIAL CASES OF AHMMSs
2.3.1 HIDDEN MARKOV MODEL

Let a hidden Markov model be given as follows:

Aamm = (E,B, Tymm, O) )

The HMM is equivalent to the following AHMM:

A= (Ea {Sb},{Sb},@,THMMUTB,O), (5)

where T is such that Tp(ss, €) = B(e) forall e € E.
No additional equivalence class information is needed.

2.3.2 HIDDEN MARKOV MODEL WITH TERMINATION PROBABILITIES

Al-Ohali et al. [2] present an extension of HMM in which each state has a termination probability,
and show that such a model can be superior to the regular HMM. Terminating HMMs are particu-
larly suited for modeling patterns of finite sequences of observations, since a non-terminating HMM
is fundamentally a generative model that outputs an infinite sequence of observations. While the
infinite sequence generated by a non-terminating HMM can be cut off at any point (using criteria

external to the model) to give a finite sequence, the terminating HMM encodes termination prob-
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abilities directly into the model. Thus, when performing classification of segmented patterns, the
terminating HMM is more flexible in modeling the termination of the pattern. Under reasonable
assumptions, using a non-terminating HMM to classify patterns of finite length is equivalent to
assuming that every emitting state has the same termination probability.

Suppose a terminating HMM is given as follows:

Aravm = (E, B, F,Tramu, O), 6)

where F' : £ — [0, 1] is the added termination (finishing) probability.
The terminating HMM is then equivalent to the following AHMM (see Figure 2.5 for an illus-
tration):

A= (E,{Sb,se},{sb},{Se},THMMUTB UTF,O), (7

where T'g is defined as above and T is such that Tr(e, s.) = F(e) foralle € E.

No additional equivalence class information is needed.
233 HIERARCHICAL HIDDEN MARKOV MODEL
Hierarchical HMMs are well suited for modeling hierarchical patterns. For example, in speech,
a sentence is composed of words, a word is composed of phonemes, and a phoneme might be
described as a pattern of frequency spectra. Thus, a speech recognition hierarchical HMM might
have emitting states that model frequency spectra; a number of such states might form a submodel
that represents a phoneme (submodels are typically referred to as abstract states in hierarchical
HMMs); a number of phoneme submodels might form a submodel that represents a word; and
finally a number of word submodels might form the overall model that represents a sentence. This
approach to modeling is helpful both conceptually, sincé the model structure reflects the pattern

structure, and practically: using submodels can help with training, since it allows training examples
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Fig. 2.6. HHMM representing the word “bob” modeled as an AHMM. Each subcomponent has
a single begin state, a single end state, and for simplicity, a single emitting state. The resulting
AHMM also has a single begin and single end state, so it could be used as a subcomponent of a
larger hierarchical model. The two subcomponents connected by the dotted region both represent
“b”, and are constrained to be equal through equivalence classes during training. This applies to
both the observation probability distribution, and the corresponding transition probabilities.

for, e.g., a particular phoneme to be gathered from multiple words, which helps increase the amount
of training data per state. Also, submodels of hierarchical HMMs explicitly encode termination
probabilities for the submodel (but there are no termination probabilities for the overall model).

A hierarchical hidden Markov model (HHMM) can be constructed by combining component
AHMMs that have a single begin state and a single end state. For example, let a set of such compo-

nent AHMMs A = {\'} be given as follows:

A= (B, N* {s}}, {sL}, T, OY) (8)

We can construct a higher-level AHMM ) that uses \* as submodels, by using with their begin
and end states as their interface. A will have its own begin and end states, s, and se.
To specify the higher-level behavior of )\, we define a partial transition function 7" : (U;{s%}U

{sp}) x (U;{s]} U {s.}) — [0,1], where:

e T’(sp, s}) = p means that A will begin execution with A* with probability p.
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o T'(si,s]) = p means that after completion of X?, X will begin execution of A7 with probability

p.

e T'(si,s.) = p means that after completion of A\?, A will end its execution with probability p.

The overall AHMM X can now be formally given as:

A = (E,N,S,5.,T,0) ,where ®
E = UE' (10)
N = U;N'U{sp, 5.} (11)
Sy = {se} (12)
Se = {se} (13)
T = yT'uT (14)
O = y 0! (15)

Since the final result is an AHMM with a single begin and single end state, it can be combined
with other such AHMMs in a higher level of hierarchy.

The above description of constructing hierarchical Markov models using AHMMs assumes
that the component AHMM s are distinct. Suppose we are constructing a hierarchical model where
multiple component AHMMs are modeling the same pattern. For example, suppose we are plan-
ning to model the pronunciation of the word “bob”. We could choose to model the first and last
pronunciation of “b” using the same AHMM submodel.

In this case, we would apply the above procedure to three component AHMMs: A! (modeling

“b”), A2 (modeling “0”), and A3, where A3 is a copy of A! (that is, there is an isomorphism between

the two that preserves transition probabilities and observation distribution probabilities).
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Fig.2.7. Transitions for the reduced parameter models with 7 emlttlng states. The emitting states

(E1 ... E7) produce the gesture observations. Non-emitting states Ni ... Ngserve to skip emitting
states immediately after the gesture AHMM has started its execution in state sp. Non-emitting
states N ... N7 serve to skip emitting states after an emitting state has been entered. The displayed
transitions are determined differently for each of the reduced parameter models.

Additionally, we would specify equivalence classes between the corresponding states and tran-
sitions. For any e! € E! and its corresponding copy e € E?, [e!]o = {e!,€3}. For s!,s"' € E!
and their corresponding copies s3,s” € E3, [(s!,s'V)] = [(s!,s"),(s3,5)]. The equivalence
classes would preserve the equality constraints during training or any other mutating algorithms.
Figure 2.6 illustrates this model, assuming a single emitting state per component AHMM.

In general, suppose a set of component AHMMs A = {\'} is given. Let a subset of
isomorphic components AHMMs {\*|k € I} defined by the index set I = {kj,ko,...} be
given, where each component A* models the same subcomponent of the pattern. Finally, suppose

A = (E* N* Sk Sk Tk OF). Then there would be |E*1| observation equivalence classes, each

with |I] states (one from each isomorphic component). Similarly, there would be ]Tkll transition

234 REDUCED PARAMETER MODEL

The reduced parameter model was originally presented in [43]. Its state and transition structure
are depicted in Figure 2.7. The model provides an emission-terminating path from an emitting
state F; to any emitting state F;, j > 4, but at the same time allows an efficient computational
complexity of inference algorithms (O(| F|) per time step). The resulting structure is a compromise

between a HMM which allows the same transitions but imposes a higher computational complexity
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of inference (©(|E|?) per time step), and HMMs with a chain-like topology (e.g., the ones shown in
Figures 2.12 and 2.13), which offer the same low computational complexity but disallow transitions
that skip more than a certain number of states.

In the reduced parameter model, the transition probabilities are labeled by the following sym-
bols (we highlight in bold italics the letter that might help you remember the symbol due to visual

similarity):
e 7; is the probability of remaining in an emitting state (1'(E;, E;))
e 7); is the probability of going to the next emitting state (T'(E;, Eiy1))
e ¢; is the probability of skipping at least one emitting state (T'(E;, Ni+1))
e x; is the probability of skipping an additional emitting state (T'(N;, Nij41) = T(Ni, ]\Afi“))
e p; is the probability of ending a skip sequence (T'(N;, Eiy1) = T(N;, Eiy1))

In these expressions, s; would be treated as No and s, as N |E|+1- Note that transition equiva-
lence classes would be established between two instances of the «; probabilities for each ¢, as well
as the two instances of the p; probabilities for each :.

The parameters pertaining to a local set of emitting / non-emitting states is shown in Figure 2 8.

Note that given these parameters for each state, the probabilities of transition paths between emitting

states are given as follows:

; Tis lf] =1
Tm(Ei,Ej> = (16)
i, ifj=:+1
\ Si Hi;?—l—l KEPj—1, lf] >+ 1
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Fig. 2.8. Transition probability parameters for the reduced model.

23.5 CONSTANT PARAMETER MODEL
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The constant parameter model uses a constant number of parameters to determine transition proba-

bilities between all states, regardless of the number of states in the model. It is an adaptation of the

model presented in [38]. The states and transitions can again be seen in Figures 2.7 and 2.8, but the

transition probabilities are determined slightly differently than with the reduced parameter model.

In particular, each of the 5 parameters is constrained to have the same value for almost every state

-1i.e., 7; = 7 for some value 7 and all appropriate ¢, 7; = 1 for some value n and all appropriate ,

etc. By “all appropriate 7, we mean all ¢ with the exception of a few border cases. In the example

AHMM shown in Figure 2.7, k7 is not necessarily equal to xg, because k7 = 1 while kg + pg = 1

(since transition probabilities out of a state must sum to 1). The transition equivalence classes are

established correspondingly. The border cases do not belong to the equivalence classes.

The probabilities of transition paths between emitting states are now given by:

0,
. T)
T"(E;, Ej) =
7,

s
| ST,

ifj <1
ifj=1
ifj=i+1

ifj>i+1

an
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Fig.2.9. A semi-Markov model with three groups of emitting states. Each group, indicated by
the square dashed line, is constrained to have the same observation probability distribution through
equivalence classes.

The benefit of the constant parameter model is that it shares training data among all transition
probabilities, so that the resulting transition probabilities around each state are influenced by tran-
sitions inferred from the training data around every state. This can be helpful if the training data is
limited [38].

2.3.6 HIDDEN SEMI-MARKOV MODEL

In a semi-Markov model, the probability of transitioning between a state s and a state s’ depends on
the number of times state s has been consecutively visited immediately prior to the transition to s'.
Thus, the probability of staying in a state can change based on how long the model stays in that state.
In the context of patterns, staying in a state is usually analogous to staying in a particular segment or
phase of the pattern, so the number of times a state is visited consecutively corresponds to the length
of time spent in that portion of the pattern. For example, when saying the word “Wow”, the speaker
may spend a fraction of a second on the vowel, or several seconds. Semi-Markov models allow
more precise modeling of the lengths of time that are probable for any given state. For example,
a semi-Markov model could specify high probabilities for moderate lengths of time spent on the

vowel in “Wow”, while specifying very low probabilities for uncommonly short or uncommonly
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long lengths of time. A regular HMM can only represent a geometric probability distribution over
the length of time (more precisely, over the number of consecutive times a state is visited).

If the number of times a state can be consecutively visited is bounded by m, a semi-Markov
model can be represented by a regular HMM in which each state of the semi-Markov model is
replaced by m states that share their observation probability distribution. Representing such a semi-
Markov mode] with an AHMM has the added benefit of being able to define equivalence classes for
the observation probability distributions.

Suppose there are n semi-Markov model states, and m is the maximum number of times a state
can Be visited consecutively. The set of emitting states £ of our AHMM is then defined as {e;; }

where 1 <7 < nand 1 < j < m. The overall model is defined as:

A= (E7 {Sb}7{5b}’®>Ta O) (18)

O(e;;) is constrained to be equal to O(e;) for all 7, k. We make use of observation equivalence
classes [e;;]o = Ugeqx. Figure 2.9 shows an example.
2.3.7 LARGER ORDER HIDDEN MARKOV MODELS
In a regular HMM, the probability of the next state is completely determined by the most recent

(current) state. In an HMM of order 7, the probability the next state is determined by the n m

JLAN A1

ost
recent states. The benefit is that dependencies between state visitations can be expressed across
wider temporal spans (rather than only between adjacent state visitations). This can be useful, for
example, with gestures where the way a gesture is completed is influenced by the way the gesture
was started.

A higher order HMM can be represented by a regular HMM (of order 1) by using Cartesian

products of states. For example, if E? is the set of emitting states of an HMM of order 2, then we
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Fig. 2.10. A 2-state, second order HMM converted to an AHMM. Each of the two groups of
emitting states, indicated by the dashed square, represents one of emitting states of the HMM
(e1, e2). In the AHMM, each group of emitting states is constrained to have the same observation
probability distribution through equivalence classes.

could represent the model in a regular HMM by using a set of states E = (E? x E?). Being in state
(2, e?) € F is equivalent to being in state er € E? immediately after visiting e? € E2.

With an AHMM, we can define equivalence classes that correctly perform training. In the
above example, [(€?, eslo = Ug(e2, e5). Figure 2.10 shows an example.
24 AHMM INFERENCE AND TRAINING
The following subsections will provide an overview of the inference (Sections 2.4.1 and 2.4.2) and
training (Section 2.4.3) algorithms used for the AHMM+EC.
24.1 AHMM VITERBI INFERENCE
One commonly addressed problem in the context of HMMs is one of state estimation: given a
sequence of observations 01, 02, . . ., 0,,, what is the most likely sequence of states to have produced
it? At the same time, we would like to know the likelihood of the observations being produced by
the most likely state sequence.

To solve the stated problem, we adapt the Viterbi algorithm, which is the usual way of

finding the most likely state sequence in traditional HMMs. Formally, given an AHMM A =
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(E, N, Sp, Se, T,0) and a particular sequence of n observations o1, 09, ..., 0,, we seek to find
the most likely state sequence si, s2, ..., S, Of states s; € £ U N that would have produced it
(since only emitting states emit observations, m > n and there are exactly n emitting states in the
state sequence).

The Viterbi algorithm uses a dynamic programming variable 6;(s), which captures the prob-
ability of partial state sequence generating a partial observation sequence. We specify the partial

state sequence in terms of the set of states visited at each time step:

0i(s) = max p (X =21, Xo =x2,..., Xi—1 = zi—1,5 € X, 01:4|N) 19)

T1:i—1

0i(s) represents the likelihood of the most likely state sequence ending in s to have generated the
observations o07.;. For s € F, this assumes that state s generated observation o;. For s € N, it is
the highest possible value that can be obtained by starting with ¢;(e) at an emitting state e € E,
and multiplying the values along a non-emitting path in C’;’; ,in which case it assumes e generated

observation o;. This can be written as §;(s) = max, .ccin di(e)p(c).

¢ values for a state are calculated from J values among all states that we can transition from:

5i(s) = max 6;_1(s)T'(s',5)0(0;,8) ifse F 20)

| max 6:(sHT (¢, ) ifseN
From (20), we can see that the ¢ values should be calculated in a certain order. Specifically,
before calculating d;(s) for emitting states s € E we should have calculated ¢;_1(s") for all states
s’ € S. Also, before calculating §;(s) for some s € N, we should have calculated ¢;(s’) for each
s’ € EUN suchthat T'(s', s) > 0.
The order of calculation for a particular value of 7 is given by a topological sort of G(\) limited

to non-emitting paths. Given such a topological sort, the algorithm is simple. To initialize, we set

do(sp) = 1. The remaining g values for all states that are reachable from s, by non-emitting paths
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can then be calculated using (20) in the order of the topological sort. For example, in the AHMM
shown in Figure 2.1 the order would be Nl, NQ. For any state s’ not reachable from s, through
non-emitting paths, do(s’) = 0. Given each 0;, 7 = 1,2, ..., we can first calculate §; values for all
emitting states (in any order), and then the §; values for non-emitting states (reachable from emitting
states) in the order of the topological sort. For the AHMM shown in Figure 2.1, the order would be
Ny, N3, se.

To extract the most likely state sequence, we also keep track of the optimal route taken to

calculate the § values. We define the traceback function, denoted by §*, as follows:

(arg maxy 0;—1(s")T'(s', $)O(0s, s) |

i—1) ifse B
55 (s) = 1)
(arg maxgy 0;(s")T' (¢, s) ,

i) ifse N

\

These ¢* values allow us to perform a traceback from any state and recover the most likely state
sequence ending with that state. At any time 7, the overall most likely state sequence ends with state
s given by arg max;, d;(s). If 67(s) = (s',¢'), then the previous state in the sequence is s, and is

visited at time ¢'. We can then continue the traceback by examining 6}, (s’), etc.

Forward and backward algorithms are used to find the probability (density) of an observation se-
quence given a model. They are adapted similarly to the Viterbi algorithm.

Now, consider the forward variable « and the backward variable 3 defined as:

ai(s) = p(Ol_,_i,SEXiIA) (22)

Bi(s) = D (0it1..nls € X3y A) (23)
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Intuitively, «;(s) represents the probability (density) of o1 ; being generated by the model A
and that the execution reaches s in the final time step. 3;(s) represents the probability (density) of
0i+1...n, being generated by A given that the execution has reached s in the previous time step.

The adaptation is similar to that of the Viterbi algorithm. « is calculated as follows:

ap(sp) = 1 (24)
Yoa;i1(s)T(s',8)0(0;,8) ifseF
a;(s) = . (25)
Yoai(sHT(s,s) ifse N
For 3, the initialization depends on whether we are assuming that the model terminated after
the observation sequence. If we are, then we initialize with 3,(s.) = 1. If not, 5,(e) = 1 for all
e € E. In cither case, the remaining values are calculated using

Bi(s) = D Bir1(s)T(s,5)0 (0341, )

s'ek

+ Y Bi(sHT(s,s). (26)

S'EN

We can use forward and backward variables to extract higher level information about the pat-
tern and the model. For example, the probability that observations o1, 02, ..., 0, are the first n
observations produced by the model A is given by >, . anfe).

If Se = {sc}, then the probability that A emits 01,09, ..., 0, and then terminates is given by
an(Se).
243 TRAINING
The purpose of training an AHMM model is to determine the exact parameters defining the model
(E,N, Sy, S., T, and O). Training of models that represent a single pattern is usually performed

using a number of examples of the pattern (training data).
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The state structure (F, N, Sy, Se) of the AHMM is determined first, as are the the possible

transitions (transitions for which 7'(s, ) is allowed to be non-zero). This is either determined a pri-
ori using domain knowledge, or determined as some function of the training data (for example, we
might choose that the number of emitting states should equal the minimum, average, or maximum
number of observations in the gesture examples).

The model is initialized using reasonable initial values. Training of the state transition prob-
ability function 7' and the observation probability distribution function O is then performed using
the expectation-maximization (EM) algorithm.

The general outline of the EM algorithm is as follows. We are given the initialized model as
well as the training dataset. The training dataset O, O?, ... consists of examples of the pattern,
where each example O is a sequence of observations o, o3, ..., with each o¢ € O. Each training
sample O% is then evaluated using the forward and backward algorithms. That is the expectation
step. The forward and backward variables are then used to revise the transition and observation
distribution probabilities in the model. That is the maximization step.

2.43.1 TRANSITION PROBABILITY ESTIMATION

The basics of the EM algorithm for AHMMs is essentially the same as for a regular HMM, with
slight modifications to take into account non-emitting states. To revise the transition probability
between a state s and an emitting state e (respectively, a non-emitting state n), we first compute the

expectation of a transition between the two states as
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1
Pr(s,e) « zd: (mx
Z ai(s)T(s,e)O(e, 0i41) ﬁiﬂ(e)) @7)
Pr(s,n) « Z ]_3(16‘1_) Z a;(8)T(s,n)B;i(n) (28)
d 7

Note that proportionality is sufficient as transition probabilities out of a state must sum to 1.
P(0O%) is estimated using the forward algorithm. We then calculate the expectation that a

transition belonging to a particular equivalence class ¢ € Cr is taken:

T.

ul =

Z > Pr(s,s) (29)

(s,8")ec
The transition probability T'(s, s) for all (s, s’) € cis then set to T, in the maximization phase
of the algorithm.
2.4.3.2 OBSERVATION PROBABILITY DISTRIBUTION ESTIMATION
Training observation probability distributions is also similar to how it is performed in a regular
EM algorithm, as it only applies to emitting states. Each observation distribution is trained from
a weighted set of observations, where the weight of each observation is the probability that the

observation was produced by a state:

1
Po(s,0) « Z P09

d

> ai(s)Bils) (30)

{i|of:o}

We then calculate the expectation that an observation is produced by a state belonging to a

particular equivalence class ¢ € Cp:
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Fig. 2.11.  Transitions for a standard left-to-right HMM model with 7 emitting states. Only
transitions out of one state (F3) are displayed for clarity. In general, any state can have a non-zero
probability specified for transitions to itself or to any state depicted to its right.

Fig.2.12. A chain HMM with 7 emitting states. Each state in the chain can transition to itself or
the next state. The chain HMM is one of the topologies tested in the experiments.

0c(0) %.ZZ > Po(s,o) 31
d

1,5€¢c

The observation probability distribution for each state s € ¢ is then adjusted using all of the
observations and their weights O.(0). The details depend on how the observation distribution is
modeled. If © = R and we model each observation distribution by a univariate normal distribution,
then the mean of the distribution might be set to the weighted mean of the observations, and the
variance to the weighted variance of the observations.

2.5 EXPERIMENTAL RESULTS

We have implemented a generic C++ library (see Chapter 4) providing data types and algorithms re-
lated to AHMM+ECs presented in this chapter. The library is available in the open source
distribution [40] under the terms of the GNU General Public License. The code for the experiments
described below, as well as the datasets used, are also present in the distribution.

We have tested the implementation on several publicly available data sets. Insofar as the results
obtained using our implementation replicate previously published results, they support the validity
of the implementation. Furthermore, the ability to easily evaluate a number of models using the

same implementation in some cases allows us to expand on several previously published results.

The models tested in the experiments are:
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Fig.2.13. A chain+skip HMM with 7 emitting states. Each state in the chain can transition to itself
or the next two states. The chain+skip HMM is one of the topologies tested in the experiments.

e constant - the constant parameter model

e reduced - the reduced model

e [-to-r - a standard left-to-right HMM (see Figure 2.11)

e chain - a chain HMM (see Figure 2.12)

e skip - a chain+skip HMM (see Figure 2.13)

e semi - hidden semi-Markov model with two emitting AHMM states per semi-Markov model

state.

Note that the computational complexity of each model with respect to training and inference
algorithm is determined by the order of incoming transitions to each state [43]. The constant,
reduced, chain, skip, and semi models all have ©(1) incoming transition per state. The standard
1-to-r model has O(|E|) incoming transitions per state.

The overall goal of our experiments is to establish that the AHMM provides a framework in
which a large number of models can easily be tested, and that the ability to do so is useful. We do
not aim to argue for or against the usefulness of any of the models or algorithms tested - each has
already been proposed and evaluated in research literature.

2.5.1 RUNTIME ANALYSIS
To provide a fuller understanding of the various models tested, we begin with their runtime analysis.
The results presented in Figure 2.14 show the total time taken to train and test each model on a

particular dataset, using various numbers of emitting states. The dataset used will be presented
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in detail in Section 2.5.4. It’s details are not important for this runtime analysis - it was chosen
because the experiment involved the greatest variety in numbers of emitting states. The experiment
itself involved training the models from training data, and then invoking the Viterbi algorithm on

the testing data. The time listed includes combined training and testing runtime.

6
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g *  constant
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] chain
1 “-l“““ul‘llnuu . semz'
0 B L - ;:::l‘:;; ;;‘m‘-fl R 2 B W
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emitting states

Fig. 2.14. Runtime comparison for various AHMM+EC models tested. The models are listed in
the legend on the right in the decreasing order of their overall runtime cost.

The results show that the /-fo-r model is the most costly, and features a quadratic increase
in runtime as the number of emitting states increases. The rest of the models are more éfﬁcient,
and show a linear increase in runtime. The quadratic and linear increases are as predicted by the
complexity of the inference algorithms, which is the dominant factor in both the training and testing.

Among the more efficient models, the reduced and constant models are more costly, which is
caused by the additional non-emitting states used (in general, for each emitting state in these models
there are two non-emitting states). The skip, chain, and semi models offer nearly identical runtime,

with slight variation due to the slightly fewer transitions in each consecutive model.
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TABLE 2.1

Recognition rate (in %) on the Japanese Vowel speaker identification dataset. All tested models
(using 5 emitting states) achieve approximately the same accuracy as the results originally
presented in [21], which report the recognition rate on a 5-state HMM as 96.2%.

constant | reduced | [-to-r | chain | skip | semi
97.0 96.2 976 | 970 | 976 | 968

While we only present the runtime results for this particular experiment, the runtime perfor-
mance of the models is similar in all of the experiments. This is because all of the experiments use
the same underlying types of algorithms.

2.5.2 JAPANESE VOWELS

The first experimental results we present are on the Japanese Vowels dataset [21], available through
the UCI Machine Learning Repository [3]. The dataset contains 640 recordings of a Japanese vowel,
spoken by nine male speakers. Each recording is a time series of 12 LPC cepstrum coefficients. The
classification task is speaker identification.

In our experiment, we replicate the setup from [21], using 270 recordings (30 per speaker) for

training, and the remainder for testing. Table 2.1 shows the results obtained. We obtain a 97.6%

While the small variation could be due to slight variations in training or inference strategies, or
numerical precision, the relative consistency of reported results supports the validity of our model
and implementation.

2.5.3 AUSTRALIAN SIGN LANGUAGE

The Australian sign language Auslan2 dataset [16] is also available through the UCI Machine Learn-

ing Repository [3].
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TABLE 2.2

Recognition rate (in %) on the auslan2 dataset. With a minimum observation distribution variance
of 0.0001, most models perform worse than those generated by the STACS and V-STACS
state-splitting algorithms presented in {49], while the semi model outperforms them at 55 emitting
states and the chain and skip models do comparably well at 12 and 55 emitting states, respectively.
When the minimum variance is increased to 0.1, all models except for the chain model at 55 states
perform comparably to the state-splitting algorithms. The results for STACS and V-STACS are
taken directly from [49], and use a minimum variance of 0.1.

minimum | emitting
variance states constant | reduced | l-to-r | chain | skip | semi || STACS | V-STACS

0.0001 12 49.1 62.8 646 | 919 | 76.1 | 85.6
0.0001 55 66.3 64.9 69.1 | 642 [ 923 | 979
0.1 12 94.7 92.6 909 | 96.1 [ 93.7] 930 90.9
0.1 55 95.1 94.7 95.1 | 649 920 958 95.8

Our experimental setup mimics the one by Siddiqi et al. [49], where a pair of novel state-
splitting algorithms are used to learn the topology of the HMM used for recognition. The two
algorithms, STACS and V-STACS, achieve a 90.9% and 95.8% (respectively) word recognition
rate. The models found by the algorithms have an average number of 12 and SS (respectively)
states per gesture model. The topology of the HMMs, as well as the number of states, is found

completely autonomously. While this is a very desirable property of the algorithms, they also come

Table 2.2 shows the results obtained on the 6 experimental models. With the tested models, the
topology is set, and the number of emitting states is set explicitly. Note that the results are impacted
significantly by the minimum observation distribution variance used in the experiment (this is a
parameter often used in the training of observation distributions, mostly to avoid numeric problems
stemming from low variances). With a minimum observation distribution variance of 0.0001, most
models perform worse than those generated by the STACS and V-STACS state-splitting algorithms

presented in [49], while the semi model outperforms them at 55 emitting states and the chain and
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skip models do comparably well at 12 and 55 emitting states, respectively. When the minimum
variance is increased to 0.1, all models except for the chain model at 55 states perform comparably
to the state-splitting algorithms.

This example shows how a thorough evaluation of a number of models can match the results of
a much costlier state-splitting algorithm. In this case, we find that the dataset is adequately modeled
by the simple chain model for a low number of emitting states, regardless of the minimum variance
parameter. We also find that the skip model also performs well for a larger number of emitting
states. Finally, the more complicated semi model works well overall.

In this experiment, we evaluated the algorithms using numbers of emitting states that were
found by the STACS and V-STACS algorithm. In the absence of these numbers, we would have had
to choose the number of emitting states, perhaps arbitrarily. A more detailed evaluation has shown
that the performance of the models interpolates between the numbers of emitting states shown here,
so many choices would have also yielded good performance by the chain, skip, and semi models.

This particular dataset is such that a number of models performs well on it - as well as a costly
state-splitting algorithm. The thorough evaluation is enabled by the AHMM+EC framework which
makes it easy to quickly evaluate a number of models. In other scenarios, the evaluation may not
reveal a consistently well-performing model or topology. In that case, autonomous topology-finding
algorithms such as STACS or V-STACS may still need to be employed.

2.54 ARC GESTURE DISCRIMINATION

The tangible object dataset consists of collected gesture data of a tangible object (ball) moving in a
3D space, as well as synthesized ball data. The collected gesture data consisted of 100 trials of the
simple arcing gesture shown in Figure 2.15, with the position of the ball provided by a 6-camera

tracking system at 60 frames per second (resulting in ~ 50-80 frames per trial). The 100 trials were
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Fig. 2.15. Movement of the example arc gesture.
A 71
N &
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Fig. 2.16. Synthesized gesture similar to the gesture shown in Figure 2.15, also used for experi-
mental results.

divided into 30 training and 70 testing trials. In addition, we synthesized the same number of trials
of a gesture similar to the captured gesture, which is shown in Figure 2.16.

In this experiment, we test each the models’ ability to discriminate between a gesture it has
been trained on, and a similar non-gesture movement. We again turn to the tangible dataset, where
we will use the collected gesture as the training gesture and the synthesized gesture as the similar
non-gesture.

Our experiment was as follows. Each model was trained using a variable number of training
trials of the training gesture, and then tested on the testing trials of both the trained gesture and the
similar non-gesture. The test would attempt to classify the testing trial as either the trained gesture
or a non-gesture. The discrimination was accomplished by using a threshold value - if a testing
trial resulted in a likelihood (given by the gesture model) higher than the threshold, it was classified

as the trained gesture. Otherwise, it was classified as non-gesture movement. The threshold was
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TABLE 2.3

Recognition rate (in %) on the arc gesture dataset. The simple chain+skip model performs as well
as the reduced model, and with the same computational complexity.

emitting
states constant | reduced | l-to-r | chain | skip | semi
4 43.1 43.1 431 | 431 | 431 | 415
6 438 43.8 43.8 | 438 | 438 | 423
10 454 454 408 | 454 | 448 | 446
30 71.5 87.7 83.8 | 88.5 | 854 | 477
60 58.5 86.2 877 | 500 | 854 | 64.6

in each case determined automatically from by the minimum likelihood given by the model for all
training gesture trials.

This dataset was originally used in our prior publication [43]. The results of that paper indi-
cated that a large number of states was necessary to adequately discriminate between the training
gesture and the synthesized gesture. This finding is supported by the results shown in Table 2.3.

However, we previously [43] went on to conclude that the constant and reduced models are the
only models to combine good discrimination results with a low computational complexity. Among
the models tested in [43], this was true, but the results in Table 2.3 show that the skip model also
yields good discrimination results with a low computational complexity. This is another example of
how a more holistic model comparison can yield a more optimal model for a given problem domain
or data set (as the skip model is conceptually simpler than the reduced or constant models). Again,
the ease of testing a number of models is enabled by the AHMM+EC framework.

2.55 VIDEO GESTURE CLASSIFICATION
The final dataset we examine is the video gesture dataset, obtained from video recordings of full
body gestures. The data for the gestures was recorded using two video cameras, with each stereo

frame converted to a feature vector (using the method described in [36]) for use by the gesture
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TABLE 2.4

Recognition rate (in %) on the video gesture dataset. The chain+skip model outperforms all other
models, and is as or more computationally efficient than all other models.

constant | reduced | l-to-r | chain | skip | semi
69.6 71.1 71.1 | 565 | 727 | 71.1

recognition algorithm. The dataset contains 20 gestures with 24 recorded trials each. The feature
vector at each frame has 20 elements, with a typical gesture lasting 20-40 frames. Twelve trials
were used for training, and twelve for testing.

The results shown in Table 2.4 indicate that the video gesture dataset is another scenario in
which the simpler skip model does as well as the constant and reduced models and at the same
computational cost, similarly to the results presented in Section 2.5 4.

2.6 CONCLUSIONS

We have presented the augmented hidden Markov model with equivalence classes (AHMM+EC),
along with its associated training and inference algorithms. We have also shown how a number
of existing state-based probabilistic generative models can be cast as special cases of AHMM+EC.
Each of the special cases can be used directly with any of the AHMM+EC algorithms, without the
need to adapt the algorithm to the model. We have implemented the models and algorithms into an
open source generic C++ library, and presented a number of results using the implementation.

We believe that the AHMMA+EC as a unifying framework provides an effective way of com-
paring various model and equivalence topologies. The experimental results support this claim by
presenting several scenarios in which a broader comparison of candidate models provides a more

holistic understanding of their comparative performance.
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The ease at which different models can be evaluated in the AHMM+EC framework can benefit
the research community through a better understanding of the applicability of each model to various
problem domains. It can also benefit application developers by easing the selection of the most

appropriate model for a particular problem domain.



3. SEMANTIC NETWORK MODEL

3.1 INTRODUCTION

Since gestures and speech are a natural means of human communication, gesture and speech recog-
nition is becoming an increasingly important part of innovative computer applications. Compared
to usual methods of human-computer interaction, such as mouse clicks and keystrokes, gesture and
speech-based methods provide a much more intuitive and natural interface, contributing to an im-
mersive experience. For example, a user could communicate with a system using learned hand
gestures [22], sign language [56, 57], or even gestures expressed using the mouse, as offered by
commercially available packages [46, 34], computer games [52] and web browsers [35].

Many speech and gesture recognition applications use hidden Markov models or one of their
many variations for the underlying pattern recognition tasks. Such models have been studied in
depth and provide the necessary algorithms for efficient training and inference, and can offer ad-
equate accuracy. They are well suited for detecting patterns which are exemplified by relatively
consistent sequences of observations. They can detect patterns such as a particular movement of a
person’s body (e.g., a baseball umpire’s safe signal), the inscription of a symbol using a pen (e.g., a
letter written in cursive), a particular pattern of motion of a stadium crowd (c;.g., a crowd “wave”),
or a melody (e.g., the Liberty Bell March).

For example, a hierarchical hidden Markov model (HHMM) consisting of a number of sub-
models (e.g., each modeling a word) can process a sequence of observations (e.g., an appropriately
pre-processed audio signal), and segment it so that it is known which submodels most likely corre-
spond to the observations (e.g., which words are present in the audio signal). This is typically done
using the Viterbi algorithm, which produces the most likely correspondence between the states of
the model and the observations.

However, in some cases the full correspondence between the states and observations is more

information than is needed. Applications are often concerned only with high-level information such
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as knowing when a pattern occurred. While the full correspondence can be used to extract the high-
level information, in some cases obtaining the high-level information directly could be done more
efficiently.

To this end, we introduce the semantic network model (SNM), which allows us to mark certain
states of an underlying probabilistic model. The marked states are termed semantic states, with the
assumption that visiting such a state carries some meaning important to the application. With an
SNM, we can formulate and solve general problems related to semantic states. For example, given a
sequence of observations, we can find what semantic states were likely visited, and when they were
visited. If the semantic states were used to mark the beginning and end of pattern submodels, that
corresponds to finding which patterns occurred in the data, and when they occurred. This gives a
more direct way of obtaining the important high-level information, without the need to find the full
correspondence between all states and observations.

Obtaining the high-level information more efficiently is especially important in real-time sce-
narios, such as those involving continuous user interaction via gesture or speech. In such scenarios,
we continuously receive new data that can change our perspective on what has happened in the past.
For example, what we first interpret as the word “forever” may turn out to more likely correspond
to the words “for everyone” as we receive new data. The SNM allows us to pinpoint higher-level
events such as recognitions of new words or undoing recognitions of previously hypothesized occur-
rences, by concisely describing them as changes in the hypothesized sequence of visited semantic
states.

For example, the SNM framework can continuously provide the application with high-level

event information concerning the semantic states:

e at frame 100: “the word forever has been completed at frame 100”
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e at frame 101: “the completion of the word forever has been revised to frame 101”

e at frame 200: “undo completion of the word forever; the word for has been completed at

frame 30; the word everyone has been completed at frame 198”.

An application using speech and gesture recognition can then be implemented as an event
driven system that responds appropriately to new visits of semantic states, revised times of visitation,
and undoing of previously assumed visits to semantic states.

In addition to gesture segmentation and event-driven application frameworks, SNMs can also
be used to facilitate on-line learning, as well as finding multiple likely explanations of the data.

This chapter is organized as follows. In Section 3.1.1, we will briefly discuss existing work
related to the SNM. Section 3.2 introduces the SNM, which couples an AHMM with a set of se-
mantic states. Algorithms related to extracting optimal sequences of semantic states are presented
in Sections 3.2.1 and 3.2.2. Section 3.3 presents a few practical applications of the SNM. We end
with experimental results in Section 3.4 and conclusions in Section 3.5.

3.1.1 RELATED WORK

The semantic network model was presented in a preliminary form in [38]. In this paper, we define
the SNM using the augmented hidden Markov model (AHMM) (see Chapter 2), which allows us to
state the SNM concisely as a method of marking semantic states in an arbitrary AHMM.

This permits us to formulate problems specifically related to semantic states. The algorithms
we present as solutions to these problems are modifications of the commonly used Viterbi algorithm
[12], and in particular its adaptation to AHMMs.

For hierarchically constructed AHMMs, semantic states can be used to mark the boundaries of
submodels. Combined with the algorithms we present in this paper, this yields efficient segmenta-

tion of observations across the submodels. Similar functionality is offered by traditional hierarchical
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hidden Markov models [11], but the extraction of the segmentation is not as efficient. This is im-
portant when we need to revise the segmentation continuously as new observations are received.

Because the SNM is presented in terms of the AHMM, it is directly applicable to a num-
ber of probabilistic models representable by AHMMs. This includes hidden Markov models
(HMMs) [37], terminating HMMs [2], hierarchical HMMs (HHMMs) [11], semi-Markov models
[32], reduced-parameter models [43], and Markov models of order larger than 1 [48].

3.2 SEMANTIC NETWORK MODEL

The semantic network model permits states of an AHMM to be marked as semantic states. An SNM
is therefore defined by an AHMM and a set of semantic states. We use the name semantic with the
assumption that passing through a semantic state has some higher-level meaning, although this does
not necessarily need to apply. Marking the states allows us to formulate and solve general problems
that focus specifically on detecting when semantic states are visited.

For example, in many gesture recognition applications, the main goal is to determine which
gestures have been executed. Given an AHMM which models a number of gestures, we can use
the Viterbi algorithm and its traceback mechanism to solve this problem - by tracing back through
the path of most likely states, and knowing which gestures the states correspond to, we know what
gestures were executed. But if we only care about which gestures the traceback visits, we could
use semantic states to mark the beginning and ending states of each gesture, and then find only the
semantic states in the most likely state sequence. Then, the most likely sequence of semantic states
corresponds directly to the gestures most likely completed in the observation sequence.

In general, with the semantic states marked, we can pose questions regarding sequences of
visited semantic states. In this paper, given an AHMM model with marked semantic states and a
sequence of observations produced by the model, we present algorithrr;s answering the following

two questions:
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Fig.3.1. A sample semantic network model. The semantic states are indicated by dashed circles.

1. What is the semantic state subsequence of the most likely sequence of states?

2. What is the most likely sequence of semantic states and their times of visitation?

These two problems are discussed in more detail in the next two subsections. The main differ-
ence between the two problems is that the first problem considers only the most likely non-semantic
path between two visitations of semantic states. The second takes into account all non-semantic
paths between two visitations of semantic states. While we present solutions to both problems, only
the solution to the first problem is efficient.

3.2.1 SEMANTIC SUBSEQUENCE OF OPTIMAL STATE SEQUENCE

The Viterbi algorithm is commonly used to find the most likely state sequence to have generated
a known sequence of observations. In this section, we will present a modification of the Viterbi
algorithm that will allow us to efficiently retrieve the subsequence of the most likely state sequence

consisting only of semantic states (without needing to

xtract the entire most likely state sequence

first). We term the modified algorithm the semantic Viterbi algorithm.

The Viterbi algorithm was originally presented in Section 2.4.1.

We now present the semantic Viterbi algorithm - a modification to the Viterbi algorithm that
will allow us to efficiently extract the subsequence of the state sequence s1, s9, . . ., $;, consisting
of exactly those states marked as semantic states. Intuitively, we will have semantic states serve as
shortcuts for the traceback - every state keeps a pointer to the last semantic state encountered in the

optimal state sequence ending at that state. See Figure 3.2 for an illustration.
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Fig.3.2. The regular and semantic Viterbi algorithm tracebacks for the SNM shown in Figure 3.1
after 6 observations. The semantic states sp, 71, €4, and eg are indicated by dashed circles. The
matrix contains the dynamic programming variable §, for example the cell at the intersection of o3
and e; represents 63(e; ). The arrowed lines represent the corresponding traceback pointers captured
by 6* and §° values. The regular traceback is shown by the dotted lines. The semantic traceback
leads only to semantic states, and is shown by solid lines.

Formally, let S C S be the set of semantic states for an AHMM A = (E,N, S, S, T,0).In
addition to the regular traceback pointer §*, we also keep track to a semantic traceback pointer 6°

as follows:

5%(s) if 6¥(s) € §
0;(s) = . ey
8°(67(s)) otherwise

The semantic traceback pointer of the begin state can be initialized to a null value (denoted @),
indicating it has no prior visited semantic state.

If we start the traceback from the final state of the most likely state sequence, we can find
the most likely sequence of semantic states much quicker by using 6°. If there are n states in the
state sequence, and m of them are semantic states, retrieving the semantic states will take only m
traceback steps rather than the n steps that would have been required when using §*.

While traversing the traceback can be more efficient for the semantic Viterbi algorithm, the

space and time complexity of computing the traceback is the same as that of the regular Viterbi

algorithm. The semantic Viterbi needs an additional pointer for each dynamic programming variable
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value - 67(s) in addition to 87 (s) for each §;(s). The time complexity for computing §7(s) is
constant once 6 (s) is computed. Hence, both the space and time used by the semantic Viterbi are
within constant factors of space and time used by the regular Viterbi algorithm.

3.22 OPTIMAL SEMANTIC STATE SEQUENCE

In this section we discuss the problem of finding the most likely sequence of semantic states (and
the times at which they were visited), given a sequence of observations. This problem is different
than the one discussed in the previous section because it accounts for different paths between the
semantic states, whereas the previous problem only considered most likely paths.

Formally, given an AHMM X = (E, N, S,,S.,T,0), a set of semantic states § C (E U
N), and a particular sequence of n observations o1, 03, . .., 0n, wWe seek the most likely sequence
(31, El), (82, fg), ooy (8ms fm) of semantic states §; € S visited at times t1,t9, ..., tm.

Unlike the previous problem, we do not have an efficient solution for the optimal semantic
state sequence. For completeness, we present an inefficient optimal solution.

In expressing the solution, we will use a partial semantic state sequences terminated
by a visit to a particular state (either semantic or non-semantic). We will denote this as
(81,11), (82,%2), ..., (8m,tm), (s,4). Such a sequence denotes that the first semantic state visited
was $1, and that it was visited at time 51, followed by 39 at time t°2. It is possible that there is a gap
between i; and f, if there were one or more emitting states visited between §; and 5. It is also
possible that t1 = fo,if §9 is a non-emitting state and all states visited between $; and §9 at time
t) = £, are non-emitting states. The last semantic state visited (with the possible exception of s) is
&, and it was visited at £,,,. Following §,,,, the last state to be visited is s, at time ¢. Any number of
non-semantic states may be visited between $,,, and s.

We can now define the following dynamic programming variable (note that the & symbol

represents the null value, rather than the empty set 0):
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Yi(s, 8,t) =maxp | (§,8),...,(Gm =8 tn=1), M|, )
(s,1)

s.t.§€.§'U{®}and§j eSforj=1,...,m.

The variable maximizes the joint probability of the observations o;.; with a partial optimal
semantic state sequence, with the constraint that the complete state sequence ends with s (visited at
time ¢), and has $ as the prior visited semantic state (visited at time t). If s € S, this is equivalent to
the probability of the optimal partial semantic state sequence constrained to have § and s as the last
two visited semantic states.

‘We also define:

Ci(s) = max (s, §,t) ?3)

3t
i(s) represents the probability of the most likely prior visited semantic state s and time of
visitation ¢.
WEe initialize by setting v;(sp, &, &) to 1. In general, y values for a state are calculated from -y

values among all states that we can transition from. Fort = ¢ — 1 and s € F, we have:

(s, 8,t) = Go1(8) + > yi-1(s, §,)T(5,5)0(0, ) @)
s’¢.5°'

Fort = iand s € N, we have:

yi(s,8,8) = G(8) + D (s, §,)T(s, 5) (5)
&¢8

For the remaining cases, we have:
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ZS,¢S° Yi—1(s',8,0)T(s',5)O(0s,8) ifse E

'712(37 §7t) - (6)
dov¢d (s, 8, )T (s, s) ifse N
The traceback can now be computed using:
41*(5) = arg max*yi(s, §7 t) (N

(8:)

As we have mentioned, this solution is very inefficient, as it requires a 4-dimensional array for
the dynamic programming variables - one dimension for the time step (%), one for the final state (s),
one for the prior semantic state ($), and one for the time of visitation of the prior semantic state (¢).
3.3 APPLICATIONS
33.1 A PATTERN SEGMENTATION SNM
As a concrete example of application of SNMs, we tackle the problem of pattern recognition in an
unsegmented observation sequence. For example, the patterns to be recognized may be gestures or
words.

Suppose we want to recognize n different patterns, numbered 1 through n. We assume we are
given examples of each of the patterns as training data. Each example is given as a tuple (L¢, M?),

where L* € {1,2,..., n} is the pattern number, and M* = M}, M3, . . ., M]iMi|,

with each M} € O,
is the sequence of observations for that example.

We are also given an observation sequence 01, 02, . . ., one observation at a time, with the goal
of finding continuous parts of the observation sequence that correspond to the patterns. That is, we
want to separate parts of the observation sequence that are somehow similar to the example patterns
from parts that are not.

The typical way of addressing this problem using probabilistic state-based models such as

AHMMs is to cast the probabilistic model as a pattern producing mechanism. To accomplish pattern
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Fig. 3.3. The pattern recognition SNM. Dotted rectangles represent the submodels representing

non-pattern observations (superscript ) and gesture observations. Dotted transitions indicate a
path in the transition graph. Begin and end states of each gesture submodel are marked as semantic
states, to capture beginnings and ends of gestures.

recognition, we then focus on two tasks. First, we train the probabilistic model so that patterns it is
likely to produce correspond to patterns we are trying to recognize. Each pattern will be represented
by a individual submodel, which is then trained using only examples of that pattern. The submodels
will be combined in a larger model, in which we try to find the most likely sequencé of states to
have produced the observed observations. The sequence of states will then indicate which patterns
were executed, and when.

To solve the problem, we use an SNM composed of 7 submodels, with each submodel model-
ing one of the patterns. A particular submodel k will be trained using all examples (L?, M*) such
that L* = k. The SNM will also contain a submodel which will model non-pattern behavior - ob-
servations observed when no pattern is being expressed. Finally, there are two additional states used
to glue the submodels together, a begin state for the composite AHMM model, and (optionally) a
terminating end state.

Figures 3.3 and 3.4 display the general structure of the two SNM variants (one without a
terminating state, and one with it). For ¢ = 0 (non-pattern submodel) and ¢ = 1,...,n (pattern

submodels), we mark the states s}) and s!, as semantic states, indicating the initiation and completion
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Fig.3.4. The terminating pattern recognition SNM. Equivalent to the pattern recognition SNM
presented in Figure3.3, except for the addition of the end state. :

of a pattern sequence. Transitions into each of the pattern entry states s; have equal values, i.c. we
consider each pattern to be equally likely.

Note that this closely follows the structure of a hierarchical hidden Markov model, in which
each of the gesture models and the non-pattern model would correspond to a single abstract state
containing the underlying states.

Using the above SNM, at any point of the observation sequence we can use the semantic
Viterbi algorithm (Section 3.2.1) and its semantic traceback to yield the desired segmentation of
observations into identified patterns. In the following section, we present the use of the semantic
Viterbi algorithm in more detail, and in conjunction with an event-based application framework.
3.3.2 EVENT-BASED APPLICATION FRAMEWORK
We can continuously monitor the observation sequence 01, 02, . .. for execution of learned patterns
by feeding the observations to the adapted Viterbi algorithm (Section 3.2.1). After each observation
is processed and the  values for that time step computed, we can perform a traceback to extract
the semantic states from the most likely state sequence. We offer two strategies for the choice of
the starting state for the traceback, corresponding to the two variants of the model presented in

Section3.3.1.
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Fig.3.5. The regular and semantic Viterbi algorithm tracebacks for a 7-state AHMM after 7 obser-
vations - one observation in addition to the scenario presented in Figure 3.2. The new observation
has changed both the regular and semantic tracebacks.

For the non-terminating SNM illustrated in Figure 3.3, we know that the overall most likely
state sequence ends with state s given by arg max, d;(s). We can perform a semantic traceback
from s to determine the semantic states in the most likely state sequence.

For the terminating SNM illustrated in Figure 3.4, after each observation we can make the
assumption that the observation sequence terminates at that point. With that assumption, any state
sequence must terminate with s, and therefore we perform the traceback from se.

The two strategies yield slightly different behaviors, as will be shown in our experimental
results.

We can obtain the semantic traceback éfter every observation is processed. As new observa-
tions come in, it is possible that the most likely state sequence (and therefore the semantic traceback)
can change significantly. Changes can occur not only in the most recent gesture, but most likely pre-
vious gestures as well. For example, Figure 3.5 shows an updated traceback obtained by processing
one additional observation from Figure 3.2.

Note however that if the semantic traceback obtained after time step ¢ and the semantic trace-

back obtained at time step j share a common element (e.g., the visit to semantic state s at time k),
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all elements of the two respective semantic tracebacks prior to the common element will also be
shared. We can therefore conclude that if the final elements of two semantic tracebacks are equal,
the two tracebacks are completely equal (or equivalently, if the semantic tracebacks are different,
their final elements must also be different).

Because changes to the traceback from one frame to another occur from the end of the trace-
back, they can be expressed in terms of pushes (new visits to semantic states appearing in the trace-
back) and pops (disappearances of visits to semantic states previously present in the traceback). For
example, the semantic state sequence with associated visitation times from Figure 3.2 is (s3,0),
(n1,3), (e,5). The updated semantic sequence from Figure 3.5 is (s3,0), (n1,2), (e4,6). The
transformation between the former sequence and the latter can be described as a pop of (eg, 5) and
(n1, 3) from the end of the sequence followed by a push of (n1,2), (e4, 6).

The same sequence of changes could be given to a client application in the form of events:

e undo visit to eg at time step 5 (pop (eg, 5))
e revise time of visit to n; from 3 to 2 (pop (n1, 3), push (n1, 2))

e report visit to e4 at time step 6 (push (eq, 6)).

Returning to our pattern segmentation SNM, we can issue similar higher-level events to a client

application:

e report beginning of pattern k at time step ¢
e report end of pattern k at time step ¢
e revise beginning of pattern k from time step ¢ to ¢/

e revise end of pattern k from time step ¢ to ¢’
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e undo beginning of pattern k at time step ¢

¢ undo end of pattern £ at time step ¢

Note that the revisions in time of visitation are simply consecutive pops and pushes of the same
semantic state, but with different times. Because we find it to be a common occurrence in running
the algorithms, we treat it specially. Client applications are also likely to treat a revision of time of
visitation differently than the combination of undoing and re-reporting.

3.3.3 ON-LINE LEARNING
When we detect an instance of a pattern in the observation sequence (which, if detected correctly, is
an example of the pattern much like the training data), it can be used to improve the pattern model.

In the pattern segmentation SNM, we can use the semantic traceback to segment the execution
of a single pattern. Within the segment, we can then use the regular traceback to retrieve the most
likely complete state sequence that has produced the recently recognized gesture, which we can
use to update the submodel for that particular pattern (this is similar to the approach taken by
Lee and Xu[22]). For example, for each state in the state sequence that was assumed to produce
a particular observation in the observations sequence, we can modify the observation probability
function related to the state to incorporate information given by the new observation. This can be
done in many ways, for example by re-running whatever training algorithm is used with the new
example included, or by using other methods which integrate new data into an existing observation
probability model. Transition probabilities can be updated similarly, using the transitions from the

most likely state sequence.
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3.3.4 CONSIDERING MULTIPLE LIKELY LAST STATES
The concept of a semantic traceback allows us to consider multiple likely high-level explanations
of the observation sequence. So far, we have only considered the semantic subsequence of the most
likely state sequence, but we can similarly consider semantic subsequences of other state sequences.
By starting the semantic traceback from an arbitrary state s, we obtain the semantic subse-
quence of the most likely state sequence ending with s. If we compute the traceback from a number
of states (not just the most likely ending state), we get a number of semantic subsequences. To find
the k¥ most likely semantic subsequences of such state sequences (note that this is not necessarily
the same as the £ most likely semantic subsequences of all possible state sequences), we can follow

the following algorithm:

. find the most likely ending state s

ot

2. compute the semantic traceback from state s and record it
3. find the next most likely ending state s’

4, if the last visited state of this semantic traceback from state s’ is different than the last visited

state of any of the recorded tracebacks, record this semantic traceback

5. if the number of recorded semantic tracebacks is less than &, return to step 3.

This algorithm relies on the property presented in Section 3.3.2, stating that if two seman-
tic tracebacks are different, their final elements must also be different. The experimental results
section offers some runtime measurements related to examining the final elements of all semantic

tracebacks.
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Fig.3.6. A chain AHMM with 7 emitting states. Each state in the chain can transition to itself or
the next state. A chain AHMM with 12 emitting states was used as model for each trained gesture.

3.4 EXPERIMENTAL RESULTS

We have implemented the modified Viterbi algorithm used to find the semantic subsequence of
the most likely sequence of states (Section 3.2.1) in the AME Patterns open source library (see
Chapter 4), distributed as part of AMELIA [40]. In this section, we present some experimental
results obtained from the implementation. The results have been obtained using two datasets: one
with gesture data and one with speech data.

The first dataset used is obtained from stereo video data, with feature vectors extracted using
the method described in [36]. It contains training data for 14 gestures (8 training samples per
gesture), and 7 unsegmented test sequences containing executions of the trained gestures as well as
non-gesture data. The lengths of the test sequences vary between 1235 and 1865 frames, with an
average length of 1471. Typical executions of gestures vary between roughly 10 and 30 frames in
length.

Each gesture was modeled by a chain AHMM with 12 emitting states (see Figure 3.6 for an
example), with the submodels combined into an SNM as described in Section 3.3.1, with beginning
and ending states of each submodel marked as semantic states.

The second dataset used is a subset of the TIMIT corpus [23]. The dataset is processed identi-
cally to what is described in [6]. Tt contains 200 training sequences and 192 test sequences, each a
manually segmented spoken sentence annotated with ground truth data. The data is modeled by 48
phonetic classes, however the 48 classes are mapped down to 39 classes for the purpose of evalu-
ating the correctness of a recognition (that is, some of the 48 classes are considered equivalent for

this purpose).
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TABLE 3.1

Run times of inference and traceback when running the algorithms on a concatenation of the 7 test
sequences, and traversing a complete traceback after each observation. The semantic Viterbi
algorithm is overall significantly more efficient.

Viterbi | semantic Viterbi
inference 4.77 5.50
traceback 447 0.10
total 9.24 5.60

Each phoneme class is modeled by a single state (which can transition to itself or terminate the
submodel), with the submodels combined and semantically marked similarly to what was done for
the gesture dataset.

3.4.1 RUNTIME

We first compare the runtime of the general AHMM Viterbi algorithm with the modified version
introduced in this paper. As the modified version requires extra data for each state for each ob-
servation, to hold the semantic traceback pointer, as well as extra computation to set the traceback
pointer, it will take more space and more time. For the runtime tests, we only utilize the gesture
dataset.

For each test case below, the runtime was measured for two separate phases. The inference
phase of the algorithm involves calculation of ¢, 6*, and in the case of the semantic Viterbi, §°
values. In the traceback phase, for the regular Viterbi algorithm we traverse the regular traceback,
and for the semantic Viterbi, we traverse the semantic traceback. All reported times are means of 5
separate measurements.

Table 3.1 shows the results of running the regular and semantic Viterbi algorithms on the 7
test sequences, with the sequences given to the algorithms consecutively one after another (as if

we were processing a single test sequence that was a concatenation of the 7). A full traceback
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TABLE 3.2

Run times of inference and traceback when running the algorithms separately on the 7 test
sequences, and traversing a complete traceback after each observation. Because of the shorter
average traceback length, the advantage obtained from speeding up the traceback is smaller than
the cost of paying for the more expensive inference of the semantic Viterbi algorithm.

Viterbi | semantic Viterbi
inference 476 552
traceback 0.20 0.02
total 496 5.54

(either regular or semantic) was computed after every observation. During the regular traceback,
we also tested each state to see whether it is semantic (this is what we would need to do to obtain the
semantic subsequence without the semantic traceback). Because of the combined processing of test
sequences, the average length of the full traceback was roughly 5000 elements long. This compares
to an average of roughly 140 elements for the semantic traceback.

As the results indicate, the semantic Viterbi algorithm takes approximately 15% more time to
compute the inference portion of the algorithm because of the additional §° computation. However,
traversing the tracebacks took approximately 45 times less with the semantic Viterbi.

For this experiment, the total runtime cost of inference + traceback was roughly 65% more
costly for the regular Viterbi algorithm.

In the next experiment, we repeat the previous setup, except we process each test sequence
individually. This yields an average length of the regular traceback of roughly 750, and an average
length of the semantic traceback to roughly 20.

The results are presented in Table 3.2. The inference portion of the algorithm performs almost
identically as the previous setup, as would be expected. However, the difference in the traceback is

now less significant because the average lengths of tracebacks are much smaller. Consequently, the
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TABLE 3.3

Run times of inference and traceback when running the algorithms separately on the 7 test
sequences, and traversing a partial traceback from each state after each observation. The semantic
Viterbi algorithm is more efficient overall.

Viterbi { semantic Viterbi
inference 476 5.52
traceback 2.15 047
total 691 5.89

advantage obtained from speeding up the semantic traceback is smaller than the cost of paying for
the more expensive inference of the semantic Viterbi algorithm.

For this experiment, the total runtime cost of inference + traceback was roughly 12% more
costly for the semantic Viterbi algorithm.

For the final runtime experiment, we now at each time step compute a partial traceback from
each state. We traverse the traceback only to the last visited semantic state. This kind of computation
would be useful, for example, if we wanted to examine other semantic subsequences in addition
to the most likely one (for example, we wanted to consider the & most likely distinct semantic
subsequences). As presented in Section 3.2, it is sufficient to compare the last visited semantic
states of two state sequences to determine whether their semantic subsequences are distinct.

In this case, the semantic Viterbi traceback takes roughly 4.5 times less time than the regular
traceback (see Table 3.3). This is sufficient to offset the cost of the more expensive semantic Viterbi
inference.

For this experiment, the total runtime cost of inference + traceback was roughly 17% more

costly for the regular Viterbi algorithm.
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TABLE 3 4

Semantic tracebacks obtained after processing all observations of test sequence 1, using the two
different strategies. The tracebacks are identical except for the most likely state strategy reporting
an additional gesture beginning as the last semantic state visited.

most likely state end state

strategy strategy
semantic state [ time step | semantic state | time step
g. 1 beginning 1 | g. 1 beginning 1
g. lend 137 | g. 1end 137
g. 1 beginning 150 | g. 1 beginning 150
g. lend 191 | g. 1end 191
g. 2 beginning 205 | g. 2 beginning 205
g.2end 333 | g.2end 333
g. 2 beginning 444 | g.?2 beginning 444
g.2end 505 | g.2end 505
g. 8 beginning 514 | g. 8 beginning 514
g. 8 end 934 | g.8end 934
g. 1 beginning 934 | g. 1 beginning 934
g. lend 1061 | g. lend 1061
g. 2 beginning 1136 | g. 2 beginning 1136
g.2end 1219 | g. 2 end 1219
g. 1 beginning 1297 | g. 1 beginning 1297
g. lend 1365 | g. 1 end 1365
g. 1 beginning 1441 | g. 1 beginning 1441
g.lend 1522 | g. lend 1522
g. 1 beginning 1535 | g. 1 beginning 1535
g. lend 1579 | g. 1l end 1579
g. 3 beginning 1602

3.4.2 SEGMENTATION OF A COMPLETE SEQUENCE
We next turn our attention to segmentation of a complete test sequence, performed by processing
the entire sequence using the semantic Viterbi algorithm, and then computing a single semantic
traceback.

We compare the two strategies presented in Section 3.3.2 - using the non-terminating SNM
and performing the traceback from the most likely state (the most likely state strafegy), or using the

terminating SNM and performing the traceback from the end state (the end state strategy).
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We will first present some qualitative results for the gesture dataset. We found that for this
dataset, after an entire test sequence was processed the most likely state strategy always resulted
in a traceback that ended with a visit to a semantic state marking the beginning of a gesture. This
means that the model predicted that the test sequence was inside a gesture after the last observation.
However, each test sequence was segmented such that it both began and ended with non-gesture
movement. Table 3.4 shows the complete traceback for the first test observation sequence, where
the tracebacks are identical except for the most likely state strategy reporting an additional gesture
beginning as the last semantic state visited.

On the other hand, the end state strategy always resulted in a traceback that ended with a visit
marking the end of a gesture (since the end state cannot be reached from a beginning state of a
gesture without going through the end state of the gesture, this must be the case). Therefore, if the
scenario is such that the test observation sequence has a known point of termination, we recommend
using the terminating SNM and the end state strategy for the final traceback.

We now turn to the TIMIT speech recognition dataset. For this dataset, we present some
quantitative performance metrics evaluating the segmentation.

The metrics were obtained by computing the optimal edit distance alignment between the
inferred segmentation of a test sequence and the ground truth. An inferred segmentation segment
is allowed to be correctly matched to a ground truth segment if they overlap and belong to the
same phoneme class. If they overlap but do not belong to the same class, they can be considered a
mismatch. False alarms (inferred segments that do not correspond to a ground truth segment) and
missed detections (ground truth segments that do not correspond to an inferred segment) correspond
to edit-distance insertions and deletions. Edit distance penalties for errors (mismatches, false alarms,
and missed detections) are all set to 1 (hence, the optimal alignment minimizes the total number of

errors).
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TABLE 3.5

Metrics provided by edit-distance alignment of ground truth and the inferred segmentation for the
TIMIT dataset. The results were identical for both the end state strategy and the most likely state
strategy.

Ground Truth Segments | Inferred Segments | Matches | Mismatches | Misses | False Alarms | Error rate

7198 6370 4240 1752 1206 378 46.3%

Table 3.5 shows the number of matches, mismatches, false alarms and misses in the segmenta-
tion of complete sequences of the TIMIT dataset, as well as the error rate (computed as the number
of errors divided by the ground truth size). Note that the error rate is comparable to that of the
method presented in [6].

343 LATENCY AND STABILITY
Since new observations can significantly change the semantic traceback, we also compare the two
strategies on the behavior of the semantic traceback throughout the entire observation sequence.

We will first present some qualitative results for the gesture dataset. For clarity, we focus on
detection of gesture completions, as indicated by visits of semantic states marking the end of a
gesture.

While processing the first test sequence one observation at a time, the most likely state strategy

yields the following sequence of events related to visits to end states of gestures:

e at frame 139: report end of gesture 1 at frame 137

e at frame 193: report end of gesture 1 at frame 191

e at frame 335: report end of gesture 2 at frame 333

o at frame 508: report end of gesture 2 at frame 505
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o at frame 668: report end of gesture 3 at frame 661

o at frame 857: undo end of gesture 3 at frame 661

o at frame 872: report end of gesture 8 at frame 869

¢ at frame 917: undo end of gesture § at frame 869

¢ at frame 937: report end of gesture 8 at frame 934

¢ at frame 1064: report end of gesture 1 at frame 1061
¢ at frame 1226: report end of gesture 2 at frame 1219
¢ at frame 1366: report end of gesture 1 at frame 1365
e at frame 1524: report end of gesture 1 at frame 1522

e at frame 1583: report end of gesture 1 at frame 1579

Most recognitions found in the final traceback (see Table 3.4) are reported exactly once. The
exception is the end of gesture 8, eventually detected at time step 934. Prior to that detection, there
is a detection of end of gesture 3, which is later undone, and an earlier detection of the end of gesture
8, which is also undone.

For recognitions that match the final traceback, the time of detection slightly lags behind the
time the end of the gesture is visited. For example, the fact that the first occurrence of gesture 1
ends at frame 137 is detected two frames later, at frame 139. The average latency of detection of
gestures 1 and 2 for this test case is 2.9 frames, ranging from 1 frame of latency to 7 frames.

For the end state strategy, the list of events is much longer. For example, this is the list of

events related to the second gesture recognition (eventually settling on gesture 1 ending at frame

191):
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o at frame 185: report end of gesture 2 at frame 185

o at frame 186: undo end of gesture 2 at frame 185

o at frame 189: report end of gesture 1 at frame 189

e at frame 190: revise end of gesture 1 to frame 190

o at frame 191: revise end of gesture 1 to frame 191

e at frame 192: revise end of gesture 1 to frame 192

o at frame 193: revise end of gesture 1 to frame 193

o at frame 194: revise end of gesture 1 to frame 191

While the final event related to this recognition matches that found by the most likely state
strategy, it is preceded by a number of other events. First, the model reports a recognition of gesture
2, only to undo the recognition a frame later, and finally replace it with a recognition of gesture
1. Gesture 1 completion is first detected at frame 189, and then revised five times before it settles
on frame 191. Hence, the gesture was first detected 2 frames earlier than the most likely point of
completion of the gesture as given after all observations are processed. On average, the end state
strategy reported recognitions of gestures 1 and 2 ahead of the most likely point of completion by
2.7 frames. However, all of the recognitions were preceded by recognitions of other gestures which
were eventually undone.

For the TIMIT dataset, we again present quantitative performance metrics related to latency
and stability. Latency is computed by measuring the lag between the inferred beginning (or end,
respectively) of a pattern, and the time that the beginning (or end, respectively) is detected by each

of the strategies. Furthermore, it is measured both for the first detection of a beginning or end, and
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Latency (in frames) of first and last detections of beginnings and ends of patterns.

Strategy first beginning detection | last beginning detection | first end detection | last end detection
most likely state 597 597 3.64 471
end state 5.96 596 -2.95 4.51
TABLE 3.7

Number of cases when a strategy undid or revised a previously reported beginning or end of a
pattern. Percentages are given relative to the total number of reported segments at the end of the

sequence.

Strategy undos of beginnings | revisions of beginnings | undos of ends | revisions of ends
most likely state 5570 (88.8%) 13 (0.2%) 1086 (17.3%) 1949 (31.1%)
end state 5777 (90.7%) 10 (0.2%) 5777 (90.7%) | 53598 (841.4%)

the last detection (recall that the system can occasionally revise an estimate of a beginning or end

of a pattern).

Table 3.6 presents the latency metrics for both of the recognition strategies. Both strategies

yielded a lag of roughly 6 frames before the beginning of a pattern was detected. Since the average

iength of an inferred pattern was roughly 9 frames, it means beginnings of patterns were typicaily

detected two-thirds of the way into the pattern.

With respect to latency in end detection, the two strategies differ in their behavior. The most

likely state strategy shows an average lag of 3.64 frames for the first detection of a pattern end. The

position of end of the pattern is then further re-estimated for an average of one additional frame.

The end state strategy, on the other hand, detects a pattern end nearly 3 frames ahead of the point of

completion.
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Stability is measured by looking at cases where a strategy revises a previously detected begin-
ning or end of a pattern, as well as the number of cases when the detection is completely undone.
Note that undos can occur either when it stops being likely that a pattern was being executed, or
when a different pattern becomes a more likely explanation for the data.

Table 3.7 shows the number of occurrences of each of these cases, as well as a percentage
relative to the total number of reported segments at the end of the sequence. Both strategies show a
relatively high number of undos of beginnings of patterns. The number of such undos is at roughly
90% of the total number of segments reported, meaning that for almost every reported segment
there is a segment whose beginning was reported and later undone. Both strategies also show a very
low percentage (0.2%) of revisions of beginnings of patterns, meaning that once the beginning of a
pattern is detected, its position is rarely revised.

With ends of patterns, the two strategies exhibit drastically different behavior. The most likely
state strategy shows a relatively low number of undos of pattern end detections (17.3%). This means
that once a pattern end is detected, the pattern detection is relatively rarely undone. The number of
revisions is also comparatively low (31.1%), meaning that the estimate of the position of the end
of the pattern doesn’t change often. On the other hand, the end state strategy shows a much higher
number of undos of pattern end detections (90.7% of the total number of reported segments at the
end of the sequence - note that this is the same as the percentage of undos of pattern beginning
detections, which is always the case with the end state strategy). This means that for almost every
reported segment there is a segment whose end was reported and later undone. The number of
revisions of pattern ends is staggeringly high for the end state strategy (over 8 times the number of
reported segments at the end of the sequence). This means that once a pattern end is detected, the

position of its end tends to be revised many times.
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Based on the latency and stability performance of both of the datasets, it is clear that the two
strategies offer different tradeoffs between stability and latency. The most likely state strategy offers
higher stability at the cost of higher latency. The end state strategy offers lower latency (often even
reporting the end of a pattern before it happens), but at the expense of stability.

3.5 CONCLUSIONS

We have presented the semantic network model as a method of marking augmented hidden Markov
models with semantic states, as well as a modified Viterbi algorithm which allows us to efficiently
extract the semantic subsequence of a state traceback. The semantic traceback is useful in problems
of segmentation of unsegmented observation sequences, event-based application frameworks, on-
line training, and finding a number of distinct likely explanations of an observation sequence.

In our experimental results, we show that the semantic Viterbi algorithm shows reasonable
speedup over the regular Viterbi algorithm when dealing with long or multiple semantic tracebacks.
In some cases, however, the higher cost of the semantic Viterbi algorithm does not match the benefit
of the faster semantic traceback - in such cases, it may be better to extract the semantic traceback
by traversing the full traceback provided by the regular Viterbi algorithm.

We also compared two strategies for event-based application frameworks, which differ in their
model and choice of state from which to perform the traceback. The most likely state strategy
was shown to yield stable results on our test data (low number of undos / revisions of the semantic
sequence), but suffered from some latency. On the other hand, the end state strategy was much more

unstable (high number of undos / revisions), but tended to detect gesture completions much earlier.



4. AME PATTERNS LIBRARY

4.1 INTRODUCTION

The AME Patterns library [39] is a C++ library for modeling, recognition, and synthesis of sequen-
tial patterns. It can be used for applications such as gesture recognition from video or motion capture
data, speech recognition, as well as synthesis of gesture and speech patterns. The library is released
under the GNU General Public License as a part of AMELiA (the Arts, Media and Engineering
Library Assortment), an open source library collection.

The core of the library deals with pattern models - probabilistic graph-based models such as
the hidden Markov model. The library allows the pattern models to be created either manually or
from training data. Once built, pattern models can be used with inference algorithms to achieve
pattern classification, segmentation, or on-line recognition, or they can be used with generation
algorithms to achieve pattern synthesis.

The library uses generic programming [10] to express the algorithms in a generic fashion. The
algorithms can then easily be applied to any modality (e.g., speech, gesture, or purely numerical
data) by providing models of some basic concepts used within the library - such as the type of
observations that make up a gesture (e.g., a body gesture can be made up of individual observations
of body poses, and a mouse gesture can be made up of individual observations of mouse movement
directions). The use of generic programming also allows the library to be used with data types that
provide different tradeoffs, e.g. between space and time complexity.

As pattern analysis is used in a wide variety of scenarios, such as speech, gesture, text, nu-
merical data, etc., as a research discipline it can greatly benefit from a library that uses generic
programming principles. Such principles allow a single library to be effectively and efficiently used
in all of these scenarios, and allows ideas previously developed in individual contexts to be applied
to other contexts, while still allowing truly domain-specific optimizations to be used when appro-

priate. Being that much pattern analysis research happens in individual disciplines (e.g., speech and
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gesture recognition, or speech synthesis), a unifying library facilitates cross-usage of ideas and im-
plementation. The AME Patterns library has been successfully used in settings as varied as speech
recognition, full-body gesture recognition using optical motion capture, full-body gesture recogni-
tion using a pair of video cameras, gesture recognition using a single camera, and tangible object
gesture recognition using a mouse, stylus, or a tracked ball. It has also been used with other related
problems such as part-of-speech tagging.

To accommodate different programming styles and constraints, the library also provides mul-
tiple application programming interface (API) levels with different tradeoffs between programming
complexity, flexibility, portability, and compile times. To achieve the highest level of flexibility,
the user can use the pattern models and inference or synthesis algorithms directly, but that requires
a level of comfort with generic programming techniques, and increased compile times. For com-
mon uses such as classification, on-line recognition, synthesis, or training, the library also provides
various fask class templates which are easier to use and can be somewhat customized via template
arguments. We also provide a coliection of purely object-oriented C++ classes for a few of the
most common usage scenarios and modalities, provided in a pre-compiled library: ofxPatterns. The
advantage of ofxPatterns are reduced compile times, and a simpler object-oriented C++ interface.
Finally, we have recently started developing an additional library offering a C interface, with the
goal of the same functionality as ofxPatterns. The C interface allows the library to be used in en-
vironments where C++ is not an option. For example, it can be loaded as a shared library into
C#.

In addition to the core functionality related to probabilistic graph-based models, we are also
adding support for other related pattern analysis algorithms, such as dynamic programming align-
ment, edit distance, and detection of approximate repetition real-time detection of approximate

repetition of sequences of observations (in any modality).
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This chapter presents an overview of the AME Patterns library, with a focus on the function-
ality related to probabilistic graph-based models. At the same time, we present the advantages and
drawbacks of various design decisions afforded by the use of generic C++ programming, as well as
the tradeoffs introduced by different API levels.

Although chapter presents some code examples for the purpose of illustrating the tradeoffs, it
is not meant to be an in-depth tutorial on how to use the library. The online documentation [39]
shows more information on how to use the library.

4.2 PRELIMINARIES

To get the most out of this chapter, the reader should be familiar with the basics of concept-based
generic programming. E.g., know that a concept is a specification of requirements for types, and that
types that satisfy those requirements are said to mode! that concept. We will always denote concepts
using CamelCaseltalics. Familiarity with C++ is also beneficial, as all code samples presented are
in C++.

There is an inconvenient clash of nomenclature between the use of the word model in
the concept-based programming context and in the pattern analysis context. E.g., “the type
std::vector<int> is a model of the Sequence concept” vs. “this HMM is a model of a the
letter A”. To help resolve the ambiguity, we will always use “pattern model” for the latter type of
usage.

When discussing specific patterns (e.g., the letter A), we will distinguish between the pattern
itself and examples of that pattern. A particular instance of the letter A (e.g., this one right here)
would be referred to as an example of the pattern A. Depending on the context, we may also use the
word instance instead of example. In other literature, pattern examples are also sometimes referred

to as pattern samples, or pattern exemplars.
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Fig.4.1. Namespace aliases used by code samples

namespace patterns = ame::patterns;
namespace observations = ame::observations;

The code samples presented in the chapter will assume namespace aliases as given in Fig-
ure 4.1.
4.3 RELATED WORK
We will first present a few libraries conceptually related to AME Patterns, and then provide an
overview of libraries that AME Patterns uses directly. At the end of‘ the section, we will provide a
few final remarks on related work.
4.3.1 RELATED LIBRARIES
There are several existing libraries with support for HMMs and related models and algorithms. To
the best of our knowledge, the AME Patterns library is the first library of this kind to be implemented
in C++ using generic programming principles. Other existing libraries are implemented in C (e.g.,
the Hidden Markov Model Toolkit [5], and the General Hidden Markov Model library [26]), Java
(e.g.,Jahmm [13]), and Matlab (e.g., the HMM Toolbox [29] and the Bayes Net Toolbox {30]). The
closc;st general-purpose library we found implemented in C++ is the Structural Modeling, Inference,
and Learning Engine {9]. However, it is implemented using with an object-oriented design, rather
than using generic programming principles. It is also focused on inference in Bayesian networks,
and has little documented support for models such as the HMM.

We will begin by discussing two libraries related to the AME Patterns library, both imple-
mented in C: The Hidden Markov Model Toolkit (HTK) {5], and the General Hidden Markov
Model library (GHMM) [26]. Being implemented in C, neither of the libraries provide the high

level of flexibility in the choice of observation types and probability distributions provided by AME
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Patterns, and particularly not the facilities to combine different probability distributions to create
compound probability distributions. This is due to the polymorphism in C is limited to runtime
polymorphism using function pointers, which makes the implementation of runtime polymorphism
cumbersome (compared to C++), and the implementation of compile-time polymorphism nearly
impossible (one can rely on preprocessor tricks to achieve a form of compile-time polymorphism,
but that gets rather difficult to program and maintain). These C libraries do, however, provide a high
level of portability and significantly lower compilation times.

The Hidden Markov Model Toolkit is a portable toolkit for building and manipulating hid-
den Markov models. It’s primary use scenario has been speech recognition, however it has also
been applied to speech synthesis, character recognition and DNA sequencing. The library supports
both discrete observation probability distributions and continuous density mixture Gaussians, and
supports both regular and hierarchical HMMs.

In comparison to the AME Patterns library, advantages of HTK are its extensive documentation
and examples, as well as sophisticated facilities for speech analysis, HMM training, testing and
results analysis. However, while the source code of HTK is available to licensees, the license is not
an OSI-approved open source license. In particular, use of the library and any derivative works is
limited to the licensee’s organization.

The General Hidden Markov Model library is also a C library (with an unsupported C++
API), and offers support for both discrete and continuous observations, mixtures of PDFs, non-
homogeneous Markov chains, pair HMMs, and clustering and mixture modelling for HMMs. It
also features a graphical editor, Python bindings, and an XML-based file format - none of which
are currently offered by the AME Pattern library. As well, the GHMM is released under the LGPL,

which is more permissive than the GPL used by the AME Patterns library.
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We will next present a brief comparison with the Jahmm library. Through use of Java inter-
faces, the Jahmm library does in fact provide flexibility in the use of different observation types and
distributions. The library itself provides support for normally distributed real observations, as well
as higher-dimensional observations governed by a multivariate normal distribution. The library also
supports both inference and synthesis based on the models, much like the AME Patterns library.

However, because of the use of the Java language, the genericity is limited to run-time poly-
morphism, rather than the compile-time polymorphism afforded by generic programming in C++.
The benefit of the latter is that the compiler can make compile-time optimizations when possible.
As well, running optimized native code is typically faster than running Java code.

4.3.2 LIBRARIES USED
The AME Patterns library makes use of several other libraries to leverage their functionality and
make the implementation of AME Patterns more focused.

Most of the libraries used are parts of Boost [54], with the most important being the Boost
Graph Library (BGL). The PatternModel concept (presented in Section 4.4.1) is a refinement of
graph concepts from that library. The AME Patterns library also makes direct use of many BGL
data types and algorithms.

Some additional libraries used are:

e Boost.Range (including the RangeEx extension), used to manipulate sequences (e.g., of ob-

servations)
e Boost.Serialization, used to serialize pattern models
e Boost.Fusion, used for compound observations and observation distributions
e Boost.Math, used for statistical distributions, constants, and other mathematical functionality

e Boost.Random, used for generation algorithms



74

Boost.Smart Pointers, used for implementation of equivalence classes

Boost.Assignment, used to initialize training examples in sample code

Boost.Spirit, used to parse datasets

Eigen [4], used for linear algebra tasks

433 OTHER RELATED WORK

There is an interesting architectural similarity between the AME Patterns library and Boost.Spirit.
Boost.Spirit offers both a parser library (Spirit.Qi) and a generator library (Spirit.Karma). The
grammars used by Spirit.Qi and the formats used by Spirit.Karma are highly related. This is similar
to how the AME Patterns library offers both inference algorithms and generation/synthesis algo-
rithms, with both types of algorithms using the same pattern models (i.e., the same pattern model
could be used for both inference and synthesis).

We should also mention that the variety of API levels provided by the library, with different
tradeoffs between ease of use and flexibility, has been partly inspired by the keynote speech given
by Bjarne Stroustrup at BoostCon 2008 [51].

4.4 LIBRARY OVERVIEW

The design of the AME Patterns library makes it highly modular and versatile. At its core, the
library employs a clear separation between data and algorithms, and uses concepts to allow data
types and algorithms to be adapted to many usage scenarios.

4.4.1 PATTERN MODELS

The core of the library deals with pattern models. From a theoretical perspective, a pattern model is
an augmented hidden Markov model with equivalence classes (AHMM+EC), which was presented
in Chapter 2. Therefore, the library can be used with all types of pattern models covered by the

AHMMA+EC, such as hidden Markov models (HMMs) [37], terminating HMMs [2], hierarchical
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HMMs (HHMMs) [11], semi-Markov models [32], reduced-parameter models [43], and Markov

models of order larger than 1 [48].

From an implementation perspective, the pattern model is captured by the ParternModel con-
cept. This concept is a refinement of a number of concepts offered by the boost graph library. Hence,
the pattern model itself is a graph in which vertices correspond to states of the pattern model, and
edges to transitions between states. The concept refinements add the following functionality and

constraints:

s they allow vertices to be marked as beginning or end states

e they require that emitting states must have observation probability distributions as bundled

properties

o they require that edges must have transition probabilities as bundled properties

The benefit of using the ParternModel concept is that in addition to the general AHMM Patz-
ternModel provided by the library, additional PatternModels can be implemented offering space
or time complexity optimizations for certain types of pattern models or pattern model topologies.
In fact, the AHMM ParternModel provided in the library is itself a template that offers different

anivalence
ran 1 equivalenc e

classes and/or observation distribution equivalence classes. When equivalence classes are used, ob-
servation distributions and transition probabilities are stored using boost: :shared_ptr, with
elements of the same equivalence class pointing to the same observation distribution / probability.
Thus, the specializations offer different tradeoffs in space and time usage. An example of this is

shown in Table 4.1.
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TABLE 4.1

Space and time usage related to a pattern model using 10 emitting states, all of which use the same
observation distribution. When sizeof (ObservationDistribution) is large compared
to sizeof (boost: :shared ptr),using equivalence classes can provide savings in memory
use. However, time use may suffer due to the indirection penalty caused by use of pointers.

I equivalence classes [ space usage for observation distributions J
yes sizeof (ObservationDistribution)
+ 10sizeof(boost::shared ptr)
no 10sizeof (ObservationDistribution)

4.4.2 OBSERVATIONS

The PatternModel concept requires that emitting states have observation probability distributions as
bundled properties. The library provides a number of useful observation distribution models (such
as univariate and multivariate normal distributions, and discrete distributions), as well as adapters
which can combine a number of component distributions into a more complex distribution (such as
combining a number of univariate normal distributions into a multivariate distribution of normally
distributed, independent components; or combining a discrete distribution with a normal distribution
into a compound observation which has one discretely distributed part and one normally distributed
part).

The observation probability distributions must model the ObservationDistribution concept.
Models of such a concept specify a probability distribution of an underlying Observation type.
For example, the library provides a normal ObservationDistribution which represents the normal
(Gaussian) distribution over Observations of type double.

When used with inference or generation scenarios, observations will also need a Observa-

tionDistributionTrainer or ObservationDistributionGenerator, respectively.
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The purpose of an ObservationDistributionTrainer is to train an ObservationDistribution from
either weighted or unweighted samples of the distribution. The purpose of an ObservationDistribu-
tionGenerator is to generate samples from a distribution.

For example, the AME Patterns library provides an ObservationDistributionTrainer for the
normal ObservationDistribution which trains the distribution by computing the weighted or un-
weighted mean and sample variance of the provided samples. It also provides ObservationDistribu-
tionGenerator which generates random observations from the distribution.

The ObservationDistribution, ObservationDistributionTrainer and ObservationDistribution-
Generator concepts, and the provided models could be considered as a sub-library of AME Patterns,
as they don’t rely on any other part of the library. They are in itself useful for implementation of
e.g., Gaussian classifiers, and other probabilistic tasks that are concerned with single observations
(rather than sequences of observations).

443 PATTERN MODEL CONSTRUCTION

Pattern models in the AME Patterns library can be constructed in two ways - manually or through
training. When constructing models manually, one has complete freedom over the topology, transi-
tions probabilities, and observation probability distributions of the pattern model.

The code sample in Figure 4.2 shows how to manually construct a pattern model consisting
of two emitting states, and two non-emitting states (a start state and an end state). The emitting
states have normal observation probability distributions with means 0.0 and 1.0, respectively, and a
standard deviation of 0.1. The transition probabilities are as shown in Figure 4.3,

Training can also be used to construct models. The library provides two training algorithms:
expectation-maximization training and Viterbi training. They take an existing model and update
transition and observation distribution probabilities according to provided training data. Typically,

the model is first initialized manually or using some initialization algorithm that uses the training



Fig.4.2. Manual pattern model construction
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typedef patterns::model::ahmm<observations::normal>
ahmm type;

ahmm type ahmm;
ahmm type::vertex_descriptor a, b, ¢, d;

add _vertex(ahmm);
add_vertex(observations::normal(0.0, 0.1), ahmm);
add_vertex(observations::normal(1.0, 0.1), ahmm);
add_vertex(ahmm) ;

Q.0 0 o
I

add_edge(a, b, ahmm);

add edge(b, b, 0.75, ahmm);
add edge(b, c, 0.25, ahmm);
add_edge(c, ¢, 0.5, ahmm);
add edge(c, d, 0.5, ahmm);

ahmm.make begin_ vertex(a);
ahmm.make end vertex(d);

N(0,.1)  N(1,.1)

Fig.4.3. AHMM constructed by the code sample in Figure 4.2.



Fig.4.4. Pattern model training
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typedef patterns::model::chain hmm<
observations::normal>
ahmm_type;

ahmm type ahmm(2);
std::vector<std::vector<double> > examples(2);
using namespace boost::assign;

examples[0] += 0, 0.1, -0.1, 1.1, 0.9, 1.0;
examples[l] += 0.1, -0.1, 0.1, -0.1, O, 1.0;

typedef patterns::inference::best match
<

ahmm_type,

ame::selectors::vector

inference_ type;

ctrzining: cnaive alianment
:tralning::naive alignment(a

pattern hmm, examples);

S:
patterns::training::best _match maximization<
inference type>

(ahmm, examples, 1, 0.0);
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data. The library provides two initialization algorithms: one which naively aligns the training data
to the states in order to initialize state observation probability distributions, and one which allows
the alignment to be specified in order to initialize the model.

The code sample in Figure 4.4 shows how a particular PatternModel type (chain_hmm) is
initialized with 2 emitting states. The topology of this pattern model is identical to the one shown
in Figure 4.3, however the transition probabilities and observation probability distributions have
different initial values than those shown in the figure. The pattern model is then initialized via
the naive alignment algorithm, and further refined using the best match (Viterbi) algorithm. The
resulting pattern model is identical to the one shown in Figure 4.3, with the exception of the standard
deviations being slightly smaller than 0.1 based on the training data.

Note that the code is somewhat involved in its use of types and templates. This is one of the
drawbacks of the flexibility provided by the core library API. We will later show how some of the
programming complexity can be reduced at the expense of the flexibility in the higher-level APIs
(see Section 4.5).

4.44 INFERENCE

Once built, pattern models can be used with inference algorithms to achieve pattern classification
or on-line recognition. The library provides generic implementations of the forward, backward,
forward-backward, and Viterbi algorithms. At the core, each inference algorithm processes obser-
vations one by one, and provides the probability value for each state for each time step (the exact
meaning of the probability value changes depending on the algorithm used).

The code sample in Figure 4.5 shows how the pattern models constructed in Figures 4.2 and
4 4 can be used with best match (Viterbi) inference to find the probability of the most likely state
sequence given one of the training samples used in the code sample in Figure 4.4. In addition

to this higher level information, the inference algorithms can provide lower level information that
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Fig.4.5. Inference using a pattern model

typedef patterns::inference::best match
<

ahmm type,
ame: :selectors: :vector

inference type;
inference type inference(ahmm);
double best probability = p match sequence(

inference, examples([0]);
double partial_probability = inference[2][1];

is contained in the dynamic programming table used by the algorithm. The code sample shows

how to obtain

—

he partially optimal probability of a state sequence ending with state 1 (labeled b in
Figure 4.3), taking into account only the first two observations of the sequence.

Similar to the training code, inference-related code using the core API can be involved in its
use of types and templates. Again, the higher-level presented in Section 4.5 offer an easier to use

but less flexible alternative.

4.4.5 GENERATION

algorithm provided by the library simulates the execution of the pattern model by randomly execut-

ing transitions, and relying on the ObservationDistributionGenerator to generate observations.
The code sample in Figure 4.6 shows how the how the pattern models constructed in Fig-

ures 4.4 and 4.2 can be used to stochastically generate observations. The generation algorithm

requires that a Boost.Random random number generator be provided, which it then uses to generate
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Fig.4.6. Generation using pattern model

generation: :generator<ahmm type> generator (ahmm);

boost::mt19937 engine;
engine.seed(static_cast<unsigned int>(std::time(0)));
boost::variate_generator

<

boost::mt19937,
boost::uniform real<double>

rng(engine, boost::uniform real<double>());

double result = generator(rng).get();

an observation according to the pattern model. Any number of observations can be generated from
the model, untif it arrives in an ending state.

In the case of generation, some programming complexity arises from always having to provide
the random number generator. The higher-level APIs related to generation and synthesis can provide
their own number generator, offering a more simplified programming interface (at the expense of

the flexibility of being able to control the random number generator).

4.5 HIGHER-LEVEL APIS

some common tasks are directly supported through higher-level, simplified interfaces provided by
the library. For common uses such as training, classification, on-line recognition, and synthesis,
the library provides various task class templates which can be somewhat customized via template
arguments. We also provide a collection of purely object-oriented C++ classes for a few of the
most common usage scenarios and modalities, provided in a pre-compiled library. The library is

framed as an addon for openFrameworks [60], an easy-to-use C++ library framework. However,
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as the library does not depend on openFrameworks, it can be used in any C++ application (only
the provided examples use openFrameworks functionality). Finally, a subset of the functionality
provided by the pre-compiled C++ library is also available through a C interface.

4.5.1 TASK CLASSES

4.5.1.1 TRAINING

One of the most common tasks in pattern recognition scenarios is training pattern models from
training data. The training_task class template offers easy-to-use functionality for training
one or more pattern models. It supports different training strategies (expectation-maximization
training and Viterbi training) and different pattern model topologies / special cases.

An example of using training_task is given in Figure 4.7.

The example shows how a single pattern model is added to the training_task. The
training_task can hold multiple pattern models. In this case, one pattern model was trained
from training data (two examples of the pattern). The pattern model has a chain HMM topology
with two emitting states, identical to the topology shown in Figure 4.3. It also uses the same training
data as the code sample in Figure 4.4, but employs expectation-maximization training rather than
best match (Viterbi) training.

When comparing this to the code sample in Figure 4.4, which uses the training algorithms
directly, we see that the training_task doesn’t require us to specify an inference_type,
or the termination condition of the training algorithm (it offers sensible defaults). As well, there is
no need to initialize the model before it can be refined by training (recall that the code sample in
Figure 4.4 manually invoked the naive alignment initialization). Instead, the task will automatically
initialize the model from the training data, based on its training strategy. The benefit is increased

ease of use, at the expense of the flexibility. However, the programmer can also provide their own



Fig.47. training_task example
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patterns::training task

<
// use a chain_ hmm model,
// with a normal observation distribution
patterns::model::chain hmm<observations::normal>,
// use the EM algorithm for training
patterns::expectation maximization training

>

em_training_task;

// this will hold our training example
std::vector<std::vector<double> > examples(2);

using namespace boost::assign;
// two examples for pattern 0
examples[0] += 0, 0.1, -0.1, 1.1, 0.9, 1.0;

examples[l] += 0.1, -0.1, 0.1, -0.1, O, 1.0;

// add a new pattern model with 2 states to the task,
// trained from the examples

em_training task.add pattern_with_examples(2, examples);
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training strategy types (e.g., a strategy that uses different initialization), which can restore some of
the flexibility present in the core API.

Another advantage of the training_task interface is that once the task is set up, it is easy
to add additional pattern models. The code sample in Figure 4.8 shows an example of this, where
two pattern models are added to the task to allow later classification.
4.5.1.2 CLASSIFICATION
classification_taskisused to classify an unknown instance of a pattern as belonging to one
of a number of pattern classes. classification_taskisderived from training task. The
training_task functionality presented in Section 4.5.1.1 is used to add the pattern models to
the classification_task. The pattern models correspond to the pattern classes - each pattern
model defines a class.

An example of using classification_task is given in Figure 4.8. It shows two pattern
models being trained from examples, followed by classification of a pattern instance.

Note that the inference code presented in the code sample in Figure 4.5 could be extended to
accomplish classification. This would be done by training a number of pattern models, computing
the likelihood values of the pattern instance to be classified using each of the models in turn, and
then choosing the most likely pattern model as the result of the classification. When comparing this
to the code sample in Figure 4.8, one can see that the classification_task accomplishes all
this much more directly. This is again a benefit of ease of use that comes at the expense of ﬂeXibility
that is available when using the core API directly.
4.5.1.3 ON-LINE RECOGNITION
The on-line recognition task is for scenarios where observations are being collected in real-time,
with the goal of being able to detect executed instances of a pattern as they are being executed (or

immediately after they are completed).



Fig.4.8. classification_task example
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patterns::classification task

<

// use a chain hmm model,

// with a normal observation distribution
patterns::model::chain hmm<observations::normal>,
// use the EM algorithm for training
patterns::expectation maximization_training,

// use the forward algorithm for inference
patterns::forward_inference

task;

// this will hold our training example
std::vector<std::vector<double> > examples(2);

using namespace boost::assign;

// two examples for

P
examples[(0] += O, 0.1, -0.1, 0.2, 0.2, 0.2, 1.1;
1

examples[1l] += 0.1,

// add a new pattern model with 2 states,
// trained from the examples
task.add_pattern_with_examples (2, examples);

examples.clear();
examples.resize(2);

// examples for pattern 1
examples[0] += -0.4, 1.1;
examples[1l] += -0.3, 1.2;

// add a new pattern model with 2 states,
// trained from the examples
task.add pattern with_examples(2, examples);

// this is our pattern instance to classify
std::vector<double> pattern;
pattern += -0.2, 1.1;

// task.classify(pattern) should return 1
int classification result = task.classify(pattern);
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The semantic_recognition_task solves this problem by employing the semantic net-
work model, presented in Chapter 3. It associates semantic states with beginnings and ends of
patterns, which means it can estimate when pattern execution has begun and/or ended. After each
observation is given to the task, it will provide updates on any newly detected pattern commence-
ment or completion, and any revisions on previously reported detections. It is possible that after
seeing further observations, the task will report that a previously detected pattern completion was
erroneous, or that it happened at a time different than what was previously reported.

Unlike the classification_task which can have pattern models added dynamically at
any time, the semantic_recognition_task requires that all pattern models be trained before-
hand in a separate training_task.

The code sample in Figure 4.9 shows how on-line recognition can be used on the same models
trained in the code sample in Figure 4.8. It first uses the task trained in the code sample in
Figure 4.8 td construct the semantic_recognition_task. It then processes observations one
by one, with the semantic_recognition_task returning events that have most likely occurred
(events such as beginnings or ends of a gesture).

Internally, the semantic_recognition_task uses the semantic Viterbi algorithm pro-
vided as one of the inference algorithms in the library. The algorithm provides the semantic trace-
back after each observation is processed, and changes in that traceback are translated into events.
The semantic Viterbi algorithm could be used directly, but the programmer would then have to pro-
cess the tracebacks manually. Again, the semantic_recognition_task provides an increased

ease of use at a cost of flexibility.
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Fig.4.9. semantic_recognition_task example

typedef patterns::semantic recognition_task<
observations::normal>
recognition task_ type;
recognition task type recognition task(task, 0.01,
ame: :selectors::circular buffer(20));

std::vector<double> pattern;
pattern += -0.35,-0.35,1.15,10.0,10.0,0.1,1.2,0.95,1.2;

std::vector<double>::iterator it=pattern.begin();
std::vector<patterns::semantic_event> result;

result = recognition task.match(xit++);

// result.size() == lu : one event occured

// (beginning of pattern 2)

// result[0].type == patterns::semantic_event::detected
// result{l0].pattern == 2u

// result[0].beginning == Qu

// result[0].end == -1lu (no end detected yet)

result = recognition task.match(#it++);

// result.size() == 1lu : revising start of pattern 2

// result[0].type == patterns::semantic_event::detected
// result{0].pattern == 2u

// result[0].beginning == 1lu

// result[0].end == -1lu (no end detected yet)

result = recognition task.match(xit++);
// result.size() == 0u : no events

result = recognition task.match(xit++);

// result.size() == lu : detecting end of pattern 2

// result{0].type == patterns::semantic_event::detected
// result[0].pattern == 2u

// result[0].beginning == 1lu

// result{0].end == 2u

// detects beginning of pattern 1...
recognition_task.match(xit++);
recognition task.match(xit++);
// detects end of pattern 1...
recognition_task.match(xit++);
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4.5.1.4 SYNTHESIS

The goal of synthesis is to synthesize instances of a pattern. The synthesis task can be used for this
purpose - after it is trained with models of one or more patterns, it can be used to either synthesize
an entire instance of a pattern, or to generate one observation at a time.

The code sample in Figure 4.10 shows sample usage of synthesis_task. A pattern model
is first trained from example data. Because the model is a chain model with two emitting states, and
it was trained from examples that are all composed from two observations, it will always produce
synthesized instances of two observations. The code sample shows two synthesizations of complete
pattern instances, and then individual generation of observations after the task has been reset.

Compared to the code sample in Figure 4.6 which uses the generation algorithm directly,
synthesis_task provides a more straightforward interface and alleviates the need to provide
a random number generator. The drawback is again a loss of flexibility.

4.5.2 OFXPATTERNS

We also provide a collection of purely object-oriented C++ classes for a few of the most common
usage scenarios, provided in a pre-compiled library: ofxPatterns. ofxPatterns is framed as an addon
for openFrameworks [60], an easy-to-use C++ library framework. However, as ofxPatterns actually
does not depend on openFrameworks, it can be used in any C++ application (only the provided
examples use openFrameworks functionality).

The interface of the classes provided by the ofxPatterns library is comparable to that provided
by the individual task class templates presented, so we will not present it. The benefit of using
ofxPatterns compared to the core API is that due to being precompiled, ofxPatterns provides much
smaller compilation times. ofxPatterns also uses an object-oriented C++ interface without tem-
plates, which can be simpler to use. However, while the task class templates can be somewhat

specialized through the use of templates (allowing, e.g., a choice of training strategy and obser-
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Fig.4.10. synthesis_task example

patterns::synthesis_task
<

patterns::model::chain hmm<observations::normal>,
patterns::expectation maximization training

task;
std::vector<std::vector<double> > examples(2);

using namespace boost::assign;

task.add pattern with examples(2, examples);
std::vector<double> synthesized;

task.synthesize(synthesized);
// synthesized.size() == 2u
// e.g. synthesized == 0.03, 1.19

task.synthesize(synthesized);
// synthesized.size() == 2u
// e.g. synthesized == 0.18, 1.02

task.reset();
for(int i=0; i<2; i++)
task.generate();
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vation probability distribution), the classes provided by ofxPatterns do not offer the same level of
flexibility. They are fixed to use pre-determined training strategies and observation probability dis-
tributions, which are only applicable to a limited number of scenarios.
4.5.3 CPATTERNS
Finally, we have recently started developing a library offering a C interface, with the goal of the same
functionality as ofxPatterns (the cPatterns library wraps the ofxPatterns classes with a C interface,
but in its current stage only a few of ofxPatterns classes have been wrapped). The C interface allows
the library to be used in environments where C++ is not an option. For example, it can be loaded as
a shared library into C#.

In this case, the gain over ofxPatterns is portability. The drawback is that the convenient syntax
of the object-oriented C++ interface is lost, and replaced by a C interface.
4.6 CONCLUSIONS
In this chapter, we have presented an overview of the AME Patterns library, its different API levels,
and provided a comparison of different tradeoffs introduced by each API level.

Compared to other related libraries, the core AME Patterns library offers a high level of flexi-

bility, which is achieved through the following:

models (HMMs) [37], terminating HMMs [2], hierarchical HMMs (HHMMs) [11], semi-
Markov models [32], reduced-parameter models [43], and Markov models of order larger

than 1 [48].

o the use of the PatternModel concept allows optimized data types to be used for certain pattern

models or pattern model topologies.
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e the use of the ObservationProbabilityDistribution and related concepts allows the library to
be easily and efficiently used with a number of observation types / modalities (e.g., speech or

body gesture)

While the flexibility through use of generic C++ programming comes at an increased cost in
the ease of use, compile times, and portability (compared to C libraries), these costs are alleviated
thought the use of multiple API levels. For example, the task-based API offers a slightly lower level
of programming complexity at the expense of somewhat decreased flexibility, as it is only appro-
priate for the specific tasks provided. Furthermore, the ofxPatterns pre-compiled library offers an
additional increase in the ease of use (especially to programmers more comfortable with an object-
oriented C++ programming style) and decrease in compile times, at a further cost to flexibility (it
is limited to specific scenarios involving pre-determined modalities). Finally, the cPatterns library
offers a C-based interface, which provides an increase in portability, at the expense of an often more
convenient C++ syntax.

Keeping in mind that pattern analysis spans many application areas, and that the library’s flex-
ibility enables the transfer of ideas between individual application areas, as well as providing a
single implementation that can be used in all of the application areas, we conclude that the use of

generic concept-based programing is highly beneficial for pattern modeling, recognition, and syn-
thesis. Furthermore, the drawbacks accompanying the use of generic concept-based programming
can be alleviated through the use of multiple API levels. Thus, the libraries presented here can be
useful to both those that need a lot of flexibility (e.g., those working in multiple domains, or devel-

oping new algorithms), as well as those working in well-defined scenarios that are addressed by the

library.



5. REAL-TIME AUTOMATIC KINEMATIC MODEL BUILDING FOR OPTICAL
MOTION CAPTURE USING A MARKOV RANDOM FIELD
5.1 INTRODUCTION
Marker-based optical motion capture is a reliable and mature technique to capture body kinematics
such as joint angles and joint locations. In a typical motion capture system, markers are placed on
the body of the subject, and their trajectories recorded. The body movement is then inferred from
the trajectories of the markers. Using marker-based optical motion capture system to provide frame-
by-frame information of the body position and configuration in space has proved useful for many
applications, such as rehabilitation, kinesiology, sports training, animation, and interactive arts.
However, using optical motion capture is usually expensive, cumbersome, and time consum-
ing. The placement of markers on the user is intrusive, and usually requires time and care to be
placed properly. Furthermore, to reliably track markers through body movement, the system re-
quires a model of the marker set that describes the marker properties and their placement on a par-
ticular user. This model will help track and identify markers during a capture. Usually, in the mode!
preparation phase of motion capture, a system operator manually enters the marker set model to the
motion capture system by providing the name of each marker and specifying which pairs of mark-
ers are connected, i.e. have a relatively stable distance between them. The left panel of Figure 5.1
shows such a model that has been manually entered into the EVa Real-Time Software (EVaRT), the
motion capture software for optical motion capture from Motion Analysis Corporation.
Additionally, after the model preparation phase, a subject calibration phase is still needed
before each capture session in which the movement of the subject is calibrated against the marker
set model. A subject calibration phase includes the collection of a training sequence in which
the subject carefully moves through the range of motion and without occluding the markers, and

a manual off-line processing step in which the operator has to clean the captured data before the
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model can be applied to the subject. This process can take anywhere from a few minutes to few tens
of minutes.

Moreover, motion-capture data obtained in real-time is often flawed due to marker occlusion
and noise. Marker misidentification and tracking errors are commonplace, and require the data to be
cleaned after the capture, usually referred to as the cleaning phase of motion capture. Note that for
real-time environments using motion capture, e.g. movement-driven human computer interaction,
faulty real-time tracking cannot be addressed by cleaning the data after the capture, but motion
capture systems sometimes offer some agency to the operator to correct the tracking in real-time.

In addition to these obstacles to a seamless optical motion capture, a quality optical motion
capture system is often costly, with the most expensive part of the system being a sophisticated mo-
tion capture software capable of tracking the markers reliably during a capture. Recently, partly due
to advances in low-cost high speed cameras, the cost of optical motion capture has dropped dramat-
ically. The OptiTrack Foundation Package is a low-cost ($5000) real-time motion capture system
released by NaturalPoint in August 2007, including 6 USB infrared cameras and Arena motion cap-
ture software. This system is capable of full body motion capture of a single subject. Meanwhile,
NaturalPoint also provides an inexpensive software package Point Cloud Tracker ($300) which pro-
duces unlabelled marker data at 100 Hz. Using such low-cost motion capture is a practical solution
to affordable motion capture,

To make the motion capture process more streamlined and low-cost, the research community
has made improvements both in automatizing parts of the marker-based capture process, and on
improving video-based markerless motion capture methods. In this chapter, we contribute to the
automatization of marker-based motion capture through a comprehensive approach which reduces
the need for operator intervention in motion capture, as well as reduces the time spent on recording

and preparing motion capture data. First, we modify the model preparation phase to require only
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minimal information needed to provide consistent labeling of the markers / body parts of interest
to the motion capture scenario. Second, we completely automate the subject preparation phase
by algorithmic deduction of the kinematic model of the subject in the motion capture space, and
automatic matching to the prepared model. Finally, we improve the robustness of real-time tracking,
thereby reducing the need for post-capture data cleaning or real-time operator intervention. The
proposed approach can be integrated to the low-cost motion capture system (e.g., the OptiTrack
system) for reliable streamlined low-cost motion capture.

The proposed method is based on Markov random fields, and allows the model building,
marker tracking, joint position inference, and body tracking to be achieved simultaneously, auto-
matically, and in real-time. For example, the right panel of Figure 5.1 shows an automatically built
model using the proposed algorithm and the same movement sequence as the manually built shown
in the left panel of the same figure. The deduced kinematic model is then matched to the prepared
model, allowing persistent labels to be attached to the markers or body parts. As the general proba-
bilistic framework we propose is easily extensible, it may be applied to markerless motion capture

systems in the future.

Fig. 5.1. Left: a manually entered model, with the markers named according to body placement.
Pairs of markers expected to remain at a relatively constant distance have been manually connected.
Right: automatically built model using the proposed algorithm. The model was built using the same
movement sequence as the manually built model in the left panel. Spheres represent markers, lines
represent inferred rigid links, and solid shapes represent inferred rigid bodies.
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This chapter is organized as follows. In Section 5.1.1, we discuss some of the related work,
then give a theoretical presentation of our kinematic model building framework in Section 5.2.
An overview of the method used to match the automatically built kinematic model to a persistent
model is presented in Section 5.3. Finally, the results of the implementation on some real-world and
synthetic data are presented in Section 5.4, and conclusions in Section 5.5.

5.1.1 PREVIOUS WORK

The progression from collected raw point data to a high-level understanding of the movement is
divided into different stages [27]. Tracking refers to making correspondences between observed
points across frames. The final goal is to obtain the paths of markers throughout the trial. Labeling
corresponds to assigning labels to each of the observed paths. In a system that uses pre-existing
models of marker configurations, the goal is to transfer the available marker labels (such as “Left
Shoulder”, or “Right Knee”) from the model to the observed data. Otherwise, the goal would be to
build a model (modeling) from the observed data, and maintain it as the subject leaves and re-enters
the space. Finally, pose estimation produces a high-level representation of the motion data, such as
the joint angles of the skele£al structure.

There are a number of methods which produce a model of the body, but they require tracked
feature / marker data to be provided. Recently, Yan and Pollefeys [59] presented a method which
computes the kinematic chain of an articulated body from 2D trajectories of feature points. Silaghi
et al. [50] also give a method which accomplishes automatic model building when given tracked
motion capture data as input. In addition to building a model of the skeleton, they present the motion
in terms of the skeleton. In some methods, tracking is incorporated in the model building, such as
the approach taken by Ringer and Lasenby [45], but the produced model is not used to improve the
tracking. However, using an a priori model to help with the tracking process has been considered,

for example by Zakotnik et al. [61] and Karaulova et al. [17]. Finally, the isolated problem of
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marker tracking or feature tracking has been studied extensively in both 2D and 3D domains. A
good review of some methods is provided by Veenman et al. [55]. Shafique and Shah {47] also give
a graph based multi-frame approach.

Recently, Hornung et al. [15], in conjunction with a very nice explanation of the problem
and goals which are very much in line with ours, proposed a method which ties all of the above
subproblems together and gives promising results. Rajko and Qian [42] also presented a heuristic
approach that unifies marker tracking and some model building. Our proposed method differs in that
it brings together all of the elements of the problem into a unifying probabilistic framework. This
not only provides a more compact solution, but also allows probabilistic inference of the underlying
(hidden) ground truth data which can give more accurate results.

5.2 KINEMATIC MODEL BUILDING USING DYNAMIC MARKOV RANDOM FIELD

5.2.1 ASSUMPTIONS AND NOTATION

We assume to have available a motion capture system capable of providing 3D observations of
markers attached to the objects of interest. The system provides instantaneous observation infor-
mation at a constant frame rate, and for simplicity we assume that this information is provided at
times t = 1,2, ... which we also refer to as frames. In our notation, we will consistently use (¢) in
the superscript to indicate the time. Our framework captures the behavior of the body under obser-
vation using a series of models that specify this behavior at different levels of abstraction. At the
highest level, we model the body as a collection of rigid objects that are connected by joints. At the
lower level, we model individual markers, their corresponding observations provided by the motion
capture system, as well as pairs of markers that appear to be connected by a rigid link.

The body models can be specified in a little more detail as follows:

e The observation model defines the relationship between a marker’s true position and its ob-

servation provided by the motion capture system.
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o The single marker model defines the behavior of a single marker and assumes the motion of

the marker is relatively smooth, i.e. its velocity does not change much from frame to frame.

e The rigid link model specifies that that the distance between markers that lie on the same rigid

object should remain relatively constant.

e The rigid object model specifies the behavior of all markers on a rigid object in terms of the

behavior of the object and the relative placement of the markers on the object.

The observations of the markers are the only observable element of the body - the existence
of all other higher Ievel models is inferred by monitoring the behavior of these observations. As
the higher level models are constructed, we can use them to provide a more accurate state of the
body, as well as perform more accurate marker tracking. Correspondingly, the set of models in the
system is not static. It may expand as the system becomes aware of higher level models as they
are inferred, or new markers/bodies enter the scene, or shrink as the models cease to be accurate or
leave the scene.

To combine the various models, we will make use of a Markov random field (MRF), in which
the various models will exhibit themselves through the nodes and edges of the MRF. In this section,
we introduce the state and observation variables to be used in the MRF for kinematic model building.
Some of the variables will be used as the states of nodes in the MRF and some of them as shared
states between nodes.

We first define the state of a marker 7 at time ¢ to be x%) = (:cgﬁ), :‘cﬁ,?, ag), oﬁf)), by its

true position :cﬁ,?, velocity :’cgﬁ), uncertainty in the movement characterized by agﬁ), and a binary

occlusion state ogﬁ). When oﬁ,? = 1, it means marker m is occluded at time ¢ and none of the

observed points corresponds to marker m; when oﬁ,? = 0, marker m is visible to the motion capture

system at time ¢ and one of the observed 3D point is a noisy measurement of its 3D position. The
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velocity of the marker m at time t is approximated in the sense that xgn) = x(t) :I:S,tfl). Since

objects of interest can leave and enter the motion capture volume, the set of markers observed by the
system at each time point is not necessarily always the same. We therefore define a marker index
set M that encompasses all markers that are a part of the motion capture system at any time of the
capture trial. The entire marker set is then defined as {x,,|m € M }. We can then define the set of
markers in the system at time ¢ to be X() = {xg;)| marker m is in the system at time ¢, m € M},
and the index set of these markers M ®).

Two markers may form a rigid link with a consistent length between the two markers. To

represent such rigid links, we introduce the set of rigid links L® = {lﬁfl)n}m Znep (v at time ¢,

(t) (®)

Im,n

)

where L, ) consists of respectively the expected value J(

(t)
gy m,mn

)

n = (dm ns O mn and the uncertainty
of the length of the rigid link between markers m and n at time ¢. The parameters of the rigid
link models can be considered to be shared states of the marker nodes. A rigid link is considered to
be valid if and only if the uncertainty is less than a pre-chosen value.

Having defined rigid links, a rigid body is simply given by three or more non-collinear markers
that have mutual rigid links. In our approach, the set of rigid objects at time t is denoted by o) =
{ou)} We define a rigid object index set O that (similarly to M) contains indices of each rigid
object that is present in the system at any time, so that O = {o,|u € O} is the set of all rigid
objects. We will always use subscripts © € O and v € O to indicate a specific rigid object. Each
rigid object has its member markers and their 3D positions in an object-centered local coordinate
system. Hence a rigid object is modeled as ou = (oq (t) (t) 5), 'I(f), Mﬁt), Xl(f)) by its position
ogt) (i-e., the center of the object-centered frame in the world frame), orientation wz(f) (given as an
angle vector indicating the orientation of the local frame in the world frame), translational velocity
() (t) ()

oy’ , rotational velocity Wy’ , the member marker indices M.’ C M, and x = {ng )mlm € Mﬁt)}

the 3D positions of the member markers of the object in the local object-centered frame. Similarly
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to the velocity in the marker model,

o) = off) — ol ()
o = W —wffh @
We denote the set of complete observation vectors at time t by Y® = {ygt), yét), e y,()t,)(t) ,}.

()

Each complete observation vector ygt) = (yi(t), zgt)) consists of y,” a three dimensional point

observed in the motion capture reference coordinate system by the motion capture system, and a

binary point-to-marker mapping vector zgt) = (zftl), . ’ZEE)XUH) where zf?n € {0,1}. When an
observed point yi(t) is the observation of marker m at time ¢, zftr)n = 1. Otherwise, z(t) =0. In

our approach, the complete observation vectors are only partially observed. Only a cloud of 3D
points are obtained by the motion capture system. However, the point-to-marker mapping vectors
are unknown and need to be solved. To be concise, we denote Y(?) = {ygt)} to be the observed 3D
point cloud at time ¢, and Z{*) = {th)} the unknown point-to-marker mapping vectors associated
with all the observed points.

Please note that the observations are noisy, i.e. the true position of the markers is hidden.
Also, markers can be occluded (not producing an observation), and we sometimes observe “ghost
markers” (observations that do not correspond to a marker).

Due to occluded markers or ghost markers, it is possible that IY(t) | # |X®|.

522 OVERVIEW

In our approach, the goal is to first keep track of the markers given the current observed 3D point
positions {yft)} and the previous estimates of the marker, rigid link and object models, namely,
Xt LD and OC~D and then update the model parameters. To tackle this challenge, we
cast the marker tracking and model estimation problem into a2 dynamic Markov random field frame-

work [58, 18]. First, prediction of model parameters at the current time instant can be obtained
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using previous estimates at the previous time. Within one time slice, to utilize all the available
constraints to inform the marker tracking and parameter updating, a local Markov random field is
adopted to describe the interdependency of the models and observations. In this local MRF, the
joint distribution of the observation nodes and the model parameters are given by a Gibbs distribu-
tion [14] with potential functions defined to address all the constraints in marker tracking. With the
MREF properly set up, theoretically the marker tracking and parameter updating can be solved in an
expectation-maximization framéwork. Essentially, in the E-step, the probability distribution of the

®

point-to-marker mapping vectors z; ’’s can be estimated using the current parameter estimates; in

the M-step, zgt) ’s are used in turn to update the parameter estimates. After a few such iterations,

both marker tracking and parameter updating can be achieved. However, in practice, the EM-based

tracking algorithm is computationally expensive and intractable. Therefore, in stead of following

(®)

traditional EM algorithm for the inference of z; ’’s and the update of the model parameters, we
introduce a fast approach to tackle the two problems in an interlaced manner. In our approach, we
also handle ghost markers and new markers.

5.23 DYNAMIC MARKOV RANDOM FIELD

In the previous section, we have introduced the marker states X @) , the rigid link models L(t), and
the rigid body states O®). At each time ¢, the state of the marker tracking and kinematic model
building system is given by S = {X® L) O®}. Meanwhile, we have also presented the
observation vectors Y (), which are actually partly observed. This is because that only the 3D point
cloud {y;} is observed while the binary point-to-marker mapping vectors {zgt)} are unknown and
need to be solved. The goal of the system is to track S(*) from previous estimates S¢~) and the
currently observed 3D point cloud {y;}. To properly track S®, two sets of constraints need to be

exploited. The first set of constraints resides on the fact the over adjacent time instants, the system

states follows a first-order Markov chain in the sense that the system dynamics is represented by a
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state transition equation, or equivalently a conditional probability density function p(S(t)IS(t’l)).
The second set of constraints capture the interdependency of the states and the observation vector,
which is readily represented by an MRF. An MRF [7, 24] is an undirected graph over a set of nodes
with potential functions defined over cliques, which are groups of mutually neighboring nodes. Prior
knowledge and constraints over the states of the nodes can be described through proper formation
of the potential functions. The joint probability of the nodes in an MRF follows Gibbs distribution
[14]. MRF has found many important applications in computer vision [7, 24], including low-level
vision problems, such as texture analysis and synthesis, image segmentation, and restoration [14],
and high level vision problems, e.g. object recognition, and pose estimation [24]. Our approach to
marker tracking and kinematic model building is based on a dynamic Markov random field (DMRF)
framework, named after the fact that we treat S(*) to be the states of a dynamic system, and that for
each time slice, the elements of the state vector and observation vector form a local MRF.

A DMREF is in spirit similar to a dynamic Bayesian network (DBN) [31]. The main difference
between DMRF and DBN is the way conditional dependency is represented within each time slice.
For DBN, a Bayesian net is used to represent the local conditional dependency of the state variables
in DBN. While in DMRF, an MRF is used to represent such dependencies, which can be flexible and
capture rich correlations among state variables. Our goal will be to construct the most likely estimate
of the system to have produced the observations at each frame. The similar DMRF framework has
been successfully used for modeling the dynamic labeling problem, e.g. image segmentation on
video sequences [18], and tracking of articulated motion [58], where both temporal dynamics and

local spatial constraints are elegantly represented in a DMRF framework.
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5.2.4 CONSTRUCTING THE DYNAMIC MARKOV RANDOM FIELD FOR KINEMATIC MODEL
BUILDING

In this section, we construct a DMRF representing the joint distribution of S$() and Y® for all ¢

from the initial time instant to the current time instant. Let 1% = (81 82 'S®) be the

state sequence from the start to the current time instant, and Y% = (YU Yy @ | V) the

observed 3D point cloud. According to the chain rule and Markovian property of the system,

p(Y(l:t),S(Lt)) — p(Y(t)’S(t)is(l:t~1)7Y(l:t—l))p(s(l:t—l)’Y(l:tﬁl)) 3)

— p(}/(t)7 S(t)ls(t—l))p(s(l:t—l)7 Y(l:t—l)) @)
After factorizing (4) into the likelihood function and the system dynamic, we have
p(Y®, 8OSE-1)) = 5y 0|50 81)|gt=1)) )

Hence, to obtain the conditional distribution p(Y ), S®)|S(:=1)) | we need to obtain p(Y )|S(1)
and p(S®|S(t=1). In our approach, p(Y )|S(") is obtained as the conditional distribution in an
MREF to exploit constraints represented by the single point models, rigid link models, and rigid
object models. The state transition distribution p(S(?|S*=1)) is simply given by a set of conditional
distributions.

5.24.1 LocAL MRF WITHIN ONE TIME SLICE

At any time instant, we represent the joint distribution p(Y®), S(t)) using an MRF over three types
of nodes, the complete observation nodes Y® , the marker nodes X(t), and the rigid object nodes
O In this MRF, the elements in Y () are fully connected to the elements in X (* and O since the
actual point-to-marker mapping is unknown and to be solved. Two elements in X*) are connected
if there is a rigid link between them. A rigid object og ) is only connected to its member markers in

X®  Elements in O(t) do not connect to each other. Similarly, elements in Y 4 are not connected
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to each other either. Two nodes are neighbors if they are connected. Figure 5.2 shows a diagram of
such an MRF within one time slice.

A group of nodes which share mutual neighborhoods form a clique. We will denote the set of
all cliques by C, and the set of all two-node cliques for a particular frame as C). ¢ € C*) if and
only if at least one node in ¢ is from frame ¢, and both nodes in ¢ come from either frame ¢ or frame
t — 1. We will write all potentials as Vc(t), where ¢ € C(Y). We define potential functions for the
following types of cliques, the marker-observation clique (X, y;), the marker-marker-point clique
(ak.a rigid-link-observation clique), and the marker-object-observation clique. Figure 5.3 shows
these three cliques.

In this section, to be concise, we remove the subscript (t) since all variables are for the current
time instant. The potential functions for the marker-observation clique (x,,,¥;) is defined as the

following. Let y; = (v, zi m) be a complete observation. The associated potential is given by

Zim l_zi,m
V<xm7yi) = _log(N<yi§$m>0'm))’ — log po 6)

= —Zimlog N (¥i; Tm, 0m) — (1 — 2im) log po )

where p, is the a priori probability that a marker is occluded.

N Observation
o node

. Marker node
node

Fig.5.2. A diagram of an example MRF in one time slice.
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If two markers lie on the same rigid object (e.g., rigid body part), we say that the two markers
are connected by a rigid link, and employ the rigid /ink model which gives constraints on the dis-
tance between two markers. The rigidity of the link dictates that the distance between such a pair of

markers should stay relatively constant.

V(me Xn, yi) = — log (N(am,n; Jm,n» Ul,m,n))zi,m _ log (N(/Bm,n, Jm,n, O’l’m)n))zi,n
i 1=2z; ) (1—25 5
—log (N (Ym,n; dmn, o'lym,n))( m)(1=2in) -
= —Zimlog N(am’n; Jm,m Ul,m,n) — Zi,;n 10g/\/'(ﬁm,n; Jl,m,'rn O'm,n)

_(1 - Zi,m)(l - Zi,n) IOgN(’Ym,n; d_l,m,m Um,n) )

where oy, , = |y; — 2| is the measured length of the link between markers m and n at time ¢
when z; ,, = 1, Jm,n the expected length of the link, and o7, ,, its standard deviation. Similarly,
Bmmn = |yi — x| is the measured length of the link between markers m and n at time ¢ when
Zin = 1. Ymn = |Tm — x| is the measured length of the link between the two markers when
both z; ,,, and z;,, are zero. Please note that in general, parameters such as dpmn and oy, should
not vary much with time. However, it is possible that markers change their relative position on the
body during the capture (for example, a marker placed at the end of a sleeve of a tight shirt will

permanently come closer to the elbow if the arms reach overhead and cause the sleeve to ride up the

arm). For this reason, we allow the properties of the link to vary slightly with time.

N / i/»\‘ / 4 \\\
'
{ () ()
N N ’
N ! \\\\ \[\/\ “
\ ~. ;1 N
{

¢
°
¢
!

Fig. 5.3. Three cliques with potential functions defined.
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The rigid body models also provides additional constraints on the point-to-marker mapping.

When marker m is a member of object u, the associated potential is given by

V(Xm, Oy, Yz) = —log (N(yu ZTu,ms O'm,n))Zi’m - log (N(me; Tuyms Um,n))(I‘Zi’m) (10)
= —Zim IOgN(yu fu,ma Um,n) - (1 - Zi,m) logN(l'ma fu,m: Um,'n.) (11)

where I, ., is the expected location of marker m given the state parameters in o,, as follows.
Tum = R(wu)mu,m + 0y (12)

where R (w) is the rotation matrix from the local object-centered frame to the global frame.
5242 SYSTEM DYNAMICS BETWEEN TWO CONSECUTIVE TIME SLICES
State parameters propagate according to the system dynamics from time ¢ — 1 to time ¢. For the

marker nodes,

) ~ N (a2l + i), oY) (13)
For the rigid body nodes,

01(? ~ N(o®; ol 4 ol Oo) (14)

Wl o~ MWD 4 wg“, ow) (15)
where 0'1(72_1), 0o, and o, are covariance matrices describing uncertainties in the prediction. The

remaining state parameters are assumed to be unchanged from one time instant to the next,

5.2.5 KINEMATIC MODEL BUILDING USING DMRF

Using the DMREF described in the previous section, the problem of tracking markers and building
kinematic model from unlabeled 3D point observations Y amounts to identifying active marker-
observation edges, and updating the parameters in .S. Our goal will be to construct the most likely

estimate of the system states to have produced the observations at each frame. s.t. p(Y (1) §(1:t))
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is maximized. Thus we can divide the problem of maximizing p(Y(”), S(l’t)) by maximizing
p(Y(t), S(t)]S(t_l)) for each ¢ in a recursive fashion given the previous state estimates. Let the

objective function be
£ =logp(Y¥,SM|SED) = log p(Y V|S®) + log p(s|s~ ) (16)

This maximization problem can be solved in an expectation-maximization (EM) framework. Let

S,(:ll be the estimate of the state parameter after the & — 1** EM iteration. Following the standard

&(8)

derivation of the EM algorithm, it can be easily shown that the updated estimate S, found in the

following E-M iteration always:increase the objective function given by (16)

At B
Sgc) = argfél(lt?Ez(t)|y(t)’gszl IOgP(Y(t)7Z(t)»S(t)|S(t V) a7
= argminF o logp(Y® 2M18®) 4 log p(s®|sE—1) (18)

S(t) Z(t)|Y(t) s;ci (SR AN ’ / (=T AN I J

Thus, in the E-step of the k** iteration, the probabilities of the mapping vectors Z® need be com-

puted as follows.

1) () t)
® _q1&® 1o p(", fm 118{))
o =1]S LYW) = NOm TR
Z p(yz ’ zm - 1|Sk_1)

Given the MRF modeling the dependency of the observation point cloud and the state parameters,

,m (19)

eqn. (19) can be evaluated. The conditional distribution of a node given its neighbors follows the

Gibbs distribution, namely,

exp{- Y _ 0 V&)

(t) ( (t)
p(y; = 1|S%) (20)
2(c”)
x exp{— » V¥} @1
CGC,;(t)

where Z (Cft)) =3 m fyg) Lo _exp{=30 o Vc(t)}dyi(t) is the partition function determined

by the values of the neighbor nodes of ygt). Vc(t) are potential functions over the collection of
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) (®)

, which includes all the cliques involving y,

1

cliques C’i(t . The potentials functions are defined in
the previous section.

In the M-step, we need to solve for é,(f) by maximizing (18) using the probabilities of the

mapping vectors Z®) obtained from the E-step. It follows that

Ez<t>|y<t>,é§flllogp(y(t)’z(t)ls(t)) = Ez<t>|y<t),é§llZIng(yft)’z’(t)[S(t)) (22)

= Y Bomen lepe, 2180 @3

Although this EM framework is theoretically sound, to actually solve the marker-to-point map-
ping and kinematic model building using this EM method is practically difficult. The main difficulty
resides in the M-step. To solve for S,(f), one has to take derivatives of the objective function (16)
with respect to the state parameters and then solve the collection of equations obtained by setting the
derivatives to zero. Due to the existence of the partition function, taking derivatives of the objective
function becomes intractable. In our research, we propose an alternative approach to the maximiza-
tion of the objective function. The proposed approach can be considered to be an approximation to
the original EM algorithm.

An outline of the entire algorithm is summarized in Figure 5.4. Note that the first step of the
tracking algorithm is to create a new marker node for each observation. This is because that we
allow new markers to enter the capture volume anytime during tracking. To handle possible new
markers in the observation, we create a set of new marker nodes for the observed 3D points. These
new markers nodes will compete against existing marker nodes for the observed 3D points. Since
these new markers nodes are just created, neither are they connected to any other marker nodes by
rigid links, nor do they belong to any existing rigid body nodes. Hence at time ¢, the marker node
set X(®) include both existing marker nodes propagated from time ¢ — 1 and these newly created

marker nodes.
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for each frame ¢ do
Create a new marker from each observation yz(t)
Create a marker node ngl) for each marker ngl)
Compute the observation to marker mapping th)
Erase new markers that are unassigned, and markers that have been occluded too long
for frames t,t — 1,and t — 2 do
Update MRF parameters from newly observed values
Update MRF random variables using updated parameters
end for
Detect new models (rigid links, rigid objects, joint positions...)
end for

Fig. 54. The automatic kinematic model building algorithm. It is an approximate adaptation of
the expectation-maximization algorithm.

5.2.5.1 INITIALIZATION

To initialize the MRF graph, we start with the marker observations provided for frame 1, Y. For

(1)

each observation y; ' € Y™ we create a marker model x\* and set mgt) = yi(t), j:gt) = (0,0,0),

and 0\ = diag(1,1,1).

5.2.5.2 MARKER TRACKING

For each incoming frame of observations Y, we similarly create new marker models for each

observation. We also extend each marker in XY to X® by initializing xSfB to the most likely

position given the single point model, and computing :'vg,? correspondingly.

The first task for a given frame is to assign markers to observations, i.e. find the mapping

()

zgt). We start with z;” unknown for all the observations, and then determine the marker-to-point

mapping for each xﬁff in turn. In this step, we also consider the case when a marker is occluded.
For this purpose, we augment the observed point cloud Y® by forming Y = Y{® U ¢, where
¢ represents the occlusion observation. If a marker is mapped to ¢ by the algorithm, it means this
marker is occluded in this frame. Once an assignment of a marker to an observation (or occlusion)

has been determined, we call that marker assigned, and until then it we call it unassigned. Similarly,

a rigid object is considered assigned if and only if at least three of the markers associated with the
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rigid object have been assigned. A two node clique ¢ of markers is assigned if both of its node
markers are assigned.

The marker-to-point mapping is solved using a greedy approach based on confidence, such
as the one used in [42]. Essentially, for each marker m and each observation ¢ in the augmented

observation Y (® | the algorithm minimize the value of the potentials associated with the marker,

(t)

with the conjecture that z; ;. = 1 and zj(-?n = 0,Vj # <. In the case when the occlusion observation

®

is paired up with a marker m, 29 =0 for yjt € Y which means none of the actually observed

Jim
points corresponds to marker m.

Let C,gt) be the assigned clique set consisting of assigned cliques. Define the sum of potentials

related to a marker m at time ¢ as

Ul(x t)) — AN 17408

m ) =

~~
[\
EEN
N’

Let Ui(x,(fl)) be the sum of potentials related to x¥ over assigned cliques and with the conjecture

that 20 = 1and 2\ =0,V £4,ie.,
i,m J,m

U = Y VO andzY =1,21 =0,vj #q (25)

m m

CEC‘(,,t),XSi)GC

Determining Y(X (t)) then goes as follows. For each possible marker-observation mapping pair

( @ . @®

Xm ,Y; ), We compute a, ; defined as the following.

Qi = Min Ui(xntl)) — log p(mel) lx,(fz_l)) (26)

NG

The minimization Ui(xgl)) is obtained using a gradient decent method over mﬁ,?. In other words,

we find the most likely location of marker m at time ¢ given the potentials with other assigned

®)

markers and/or rigid objects, as well as the observation model relative to y,’. Then a mapping

matrix A = {an,;} can be constructed. Once A is established, an assignment can then be made
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made with a degree of confidence and unambiguity. Let a.,;» be the best and a., ;» the second

best matches for xsz) according to the values in 4, i.e.,

iy, = argminam; 27
2

Jr. = argminam; (28)
itix,

A confident assignment would be one where the potential of the best match is small compared to
the difference between the best and second best matches. Hence, for each marker xgﬁ) e X® we

define the following confidence factor

Ex) = (amjs, — myiz,) — Gz, = Gz, — 20myis, 29)

which indicates how confidently we can make a correspondence between xﬁ) and y;x so that the
larger the £ (xsﬁ)) is, the more confident we are about this assignment.

Among all the currently unassigned markers, we choose a marker xsfl) for which § (ngl)) is
maximal, and set z;x ., = 1. Since a marker is being assigned in this step, we update rows in A
corresponding to the remaining unassigned markers, and recalculate all the affected error factors.
We can then make the the next correspondence for the unassigned marked with the minimal confi-
dence factor. The process is repeated until all markers are assigned. Markers that have been created
in the current frame (using an observation) that are marked as occluded (because an older marker
was assigned to that same observation) are immediately erased. Markers that appear to have left the
system (by being occluded for too long) are also erased.

At this point, for the last 3 frames we update the estimates of various model parameters (lengths
of rigid links, local coordinates of markers on rigid objects, etc.), and maximize the potentials
dependent on the random variables in the system (positions of markers, positions and orientations

of rigid bodies, etc.), which improves the tracking results with minimal latency.
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The outline of this step is as follows. We first compute the means of the model parameters for
the most recent few frames, and then update the values of the parameters in the model to take the
newly observed information into account. This is analogous to the expectation step of the traditional
EM algorithm. We then update the random variables for the same recent frames by maximizing the
potentials of markers and rigid objects using the new values of the model parameters. This is
analogous to the maximization step of the EM algorithm.

In our implementation, we limit this procedure to the last 3 frames because essentially, we are
performing smoothing while updating the model parameters at the same time. To take advantage of
smoothing, we should wait for the data to be smoothed before using it. However, to keep the system
as real-time as possible, we limit the latency to 3 frames (30 milliseconds in our system).
5.2.5.3 MODEL DETECTION
Finally, we watch for existence of new models in the system, such as rigid links and rigid objects. In
most cases we do so by randomly choosing candidates to observe (e.g., a pair of markers that have
not been examined before), and inspect their history in the DMREF to detect whether their behavior
satisfies a particular model (e.g., their distance remains relatively constant).

For the rigid links, we randomly choose a marker, and then test whether it appears to satisfy the
rigid link property with another marker. We examine the distance between the two markers for a pe-
riod of time (say, last 5 seconds) and if at least one of the markers has been moving and the distance
between the markers has remained relatively constant, a rigid link model is introduced between the
two markers. We insist that at least one of the markers has been moving because in a completely
stationary body, all markers will have stable pairwise distances regardless of whether they truly
connected by a rigid link. Requiring that at least one marker be moving before we hypothesize the

presence of the rigid link eliminates false positives from this stationary scenario. After a rigid link
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has been established, it can later be removed if the behavior of the two markers stops following the
rigid link model (for example, if the variance of the distance between them grows large).

Rigid objects are introduced after three or more non-collinear markers have been mutually
connected by a rigid link model. With at least three non-collinear markers, we can track a consistent
local coordinate system (set of axes) that follows the movement of the rigid object. The markers are
assigned coordinates in the coordinate system of the rigid object (or more accurately, a distribution
of coordinates). According to the rigid object model, those coordinates should remain relatively
stable (i.e., follow the distribution) as the body is moving. Since the critical goal is to consistently
track the rigid object once it has been detected, rather than to set up the rigid object’s coordinate
system in any particular way, we arbitrarily choose one of the three markers as the origin of the
coordinate system, point the z axis in the direction of another marker, and finally choose the =z —
y plane so that the final marker lies in it. The past movement of the markers is then examined
to determine what distribution of local coordinates the marker position follows (as the coordinate
system is fit through the past data by a least squares technique, the local coordinates of each of the
three markers will typically vary).

If another marker later develops a rigid link with the markers of the rigid object, it will join
the rigid object model. And as with the rigid link model, if the markers of a rigid object are later
observed to no longer follow the model, the model is removed.

After a pair of rigid objects has been observed for some time (e.g., a few seconds) where at least
one of them has been moving, we can attempt to determine whether a joint exists between them. To
determine whether a joint exists, we seek the existence of a point that has a stable coordinate in both
of the rigid object’s coordinate systems. To find such a point, we use the history of the movement

of the two rigid bodies.
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Let us label the two rigid bodies as A and B. Given rigid body A, each fixed point in its
coordinate system can be tested for stability in the coordinate system of rigid object B. The most
stable point is the best candidate for the joint’s local position within rigid object A. We can similarly
find the best candidate for the joint’s local position within rigid object B. If the best candidates are
both stable enough (and close enough to corresponding to the same point), we can hypothesize the
existence of a joint between the two rigid objects. Its true position can be estimated from its inferred
location in each object’s coordinate system, and thus tracked from the time of its detection. Note,
however, that apart from tracking we do not use the joint in the MRF framework, as we have not yet
implemented a corresponding joint model.

5.3 MATCHING TO A PERSISTENT MODEL

Even after building a complete and accurate kinematic model by observing the movement of the
markers, the obtained information can be useless if we don’t know what real-world body (or body
part) the model (or it’s components) correspond to. Real-world kinesiology experiments might like
to track the movement of a specific body part, e.g. the right heel. Interactive environments might
want to track what the hands are doing. Animators might like to know the exact location of each
of the major body segments at each frame. We therefore need a way to match the automatically
inferred kinematic model to a persistent, pre-labeled model. We propose that a simple, flexible
method based on heuristics is sufficient (and will later show it working on a real-world scenario).

The method we use is as follows. Let the persistent model be composed of a set of elements
and a set of properties. An element is something that corresponds to elements of an automatically
inferred kinematic model (e.g., a marker, or a rigid object). In addition to its type, each element has a
persistent label (e.g., “left wrist”, or “right upper arm”). In a particular motion capture session, once

the kinematic model has been constructed, the goal is to determine the correspondence between the
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elements of the persistent model and the constructed model (and thereby transfer the labels to the
constructed model).

The correspondence is accomplished using the properties of the persistent model. A property
is some verifiable relationship of a number of specific elements. For example, a property could state
that “the left heel marker tends to be below the left knee marker”, or that “the rigid link distance
between the right knee marker and the right hip marker is longer than the rigid link distance between
the right hip marker and the left hip marker”.

The properties then allow us to test whether elements of the constructed model satisfy the
relationships that the elements of the persistent model are supposed to have. If we are given, two
markers (using the properties we listed above), we could decide which one is more likely to be the
left heel than the left knee by examining which one tends to be lower to the ground. Given a pair of
rigid links that shares a marker, we can decide that the right knee is more likely the marker further
away from the shared marker. In other words, given a hypothesis of a concrete correspondence
between the elements of the constructed model and the elements of the persistent model, we can use
the properties to evaluate the hypothesis. The best method for finding the best match (hypothesis)

will depend on the exact properties used.
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Fig.5.5. Placement of the markers in the marker set used for the example persistent model.
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We will now provide an example of a persistent model involving a simple marker set, and
describe the elements and properties involved, and the strategy to find the match. The persistent
model involves the upper portion of the torso, and the two arms. The markers are placed on the
sternum, on each shoulder, each elbow, and each wrist. There is also an offset marker placed on the
upper torso, to help break the sagital symmetry of the marker set.

The elements of the marker set are shown in figure follows:

element type label description
marker Sternum marker placed on the sternum
marker Offset offset marker
marker L. Shoulder marker placed on the left shoulder
marker L. Elbow marker placed on the left elbow
marker L. Wrist marker placed on the left wrist
marker L. Shoulder marker placed on the left shoulder
marker L. Elbow marker placed on the left elbow
marker L. Wrist marker placed on the left wrist
rigid object torso rigid object composed of the upper torso markers
TABLE 5.1

Elements of the example petsistent model.

L. Shoulder R. Shoulder

v Offset
Sternum

L. Elbow 4
4

L. Hand

Fig.5.6. Rigid link properties of the example persistent model (with markers viewed from behind).
Displayed connections indicate the exact rigid links that must be present to for a successful match
with the example persistent model.

We will now describe the properties of the persistent model. The first property is related to the

existence of particular rigid links, as illustrated in Figure 5.6. As the figure indicates, there are 10
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rigid links expected to be found in any kinematic model matching the persistent model, and they
must match the structure shown (e.g., the L. Wrist marker must have only one rigid link and that
is with the L. Elbow marker). The second property has to do with differentiating the Offset marker
from the Sternum. The property states that the sum of rigid link distances of the Sternum marker is
larger than the sum of rigid link distances of the Offset marker (note that both of these markers are
about the same distance from the L. Shoulder marker, but the Sternum is further away from the R.
Shoulder marker). The third property has to do with differentiating the left side from the right. It
states that the rigid link distance between the Offset marker and the R. Shoulder marker is smaller
than the rigid link distance between the Offset marker and the L. Shoulder marker. Finally, we have
a property that states that the upper torso object is composed of the Shoulder, Sternum and Offset
markers.

To match an automatically constructed kinematic model to the example persistent model, we
go through the following steps. First, the constructed model must contain 8 markers. Next, in
the connectivity graph induced by the markers and the rigid links, there must be two markers of
degree 1, two markers of degree 2, two markers of degree 4, and two markers of degree 3. If this
is satisfied, and the connectivity graph matches the one given in Figure 5.6, we can complete the
match. We apply the second property to the two markers of degree 3 to decide which one of them
is the Sternum and which is the Offset. We then apply the third property to the Offset and the two
markers of degree 4 to decide which of the degree 4 markers is the L. Shoulder and which is the R.
Shoulder. The rest of the marker element matches follow easily, as does the rigid object element
match.

54 EXPERIMENTAL RESULTS
We will first present the results of running the algorithm on two motion capture trials to demonstrate

the general model-building capabilities of the algorithm. Figure 5.1 (right) shows the model built
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automatically from a 20 second full-body capture sequence, in which the subject was asked to move
using all of their joints. You will notice that most of the rigid links (connections) that had to be
entered manually for the model in Figure 5.1 (left) are automatically found. The one exception is a
wrist marker on the left arm, which remained unconnected because it was particularly noisy.

Also, the proposed algorithm successfully partitioned the markers into rigid objects corre-
sponding to the two shoulders, two lower arms, the pelvic area, and the two legs. The few errors
concern markers that are placed close to a rigid object but are not a part of it. For example, the right
upper arm marker was assigned to the right shoulder, and the left upper arm marker was assigned to
the left lower arm. Similarly, even though the markers on the legs were actually placed on both the
upper leg and the lower leg, the algorithm assigned them to the same rigid object because the range

of motion sequence did not involve much bending at the knees.

Fig.5.7. Model built during an arm reaching movement. The solid shapes represent the lower arm,
I
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positions of joints.

The automatically built model from an arm reaching movement is shown in Figure 5.7. Here
we also show the joint locations that were estimated by the system (the elbow, the shoulder, and a
joint that was found between the shoulder and the lower back and estimated to be somewhere in the
torso).

Second, we use synthetic data to present impact of the automatically built model on the accu-

racy of marker tracking. We present three synthetic scenarios, each consisting of 1000 frames. In
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scenario || observation | 7=0 =1 T=2

1 marker 17.57 1624 | 13.31 | 13.18

4 markers - unoccluded 17.03 1652 | 1494 | 14.96
3 markers - unoccluded 16.95 16.43 | 14.80 | 14.81
S markers - occluded N/A 19.70 | 18.61 | 18.54

3 markers - occluded N/A 50.51 | 49.50 | 48.31

TABLE 52
Root Mean Square Error (in mm) of the observation data, as well as the inferred marker position
with 0, 1, or 2 frames of latency. The algorithm shows a moderate improvement of tracking

accuracy over raw observations, and maintains an acceptable error even when the marker becomes
occluded.

the single marker scenario, a single marker is following a trajectory given by [t + sin(¢/100), 0, 0],
i.e. it is traveling in a steady direction while accelerating and decelerating as given by the si¢n func-
tion. In the four marker scenario, four markers are traveling at a constant distance from each other,
individually following the same trajectory as the marker in the single point scenario. A marker
roughly between the other three becomes occluded between frames 600 and 900. In the three point
scenario, three co-linear markers are traveling at a constant distance from each other (following the
same individual trajectory described above). The middle marker becomes occluded between frames
600 and 900. In all scenarios, the ground truth data was masked by Gaussian noise with a standard
deviation of roughly 17mm (very noisy for marker data).

For a marker of interest (in the multiple marker scenarios, it is the marker that becomes oc-
cluded), we compare the ground-truth location with the location provided by the algorithm with 0,
1, and 2 frames of latency. Note that each frame of latency involves another pass of the adapted EM
algorithm on the position of the marker. The results are given in Table 5.2. We also give a graph
of the error for the entire three marker trial in Figure 5.8. The results show the positive impact of
EM algorithm passes on tracking results, and indicate very satisfactory tracking results even in the

presence of highly noisy and occluded data.
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Fig. 5.8. Tracking error in the three marker scenario. Even though the algorithm has barely enough
information to infer the position of the occluded marker, it manages to track it successfully.

Finally, we present snapshots of the entire run of the algorithm including the persistent model
matching presented in Section 5.3. Figures 5.9-5.12 show the progress of the algorithm from the
very beginning until a full match is achieved. Visualization of rigid objects has been disabled to

improve clarity of the figures.

Fig. 5.9. The output of the algorithm at the very beginning of a movement sequence using the
marker set presented in Figure 5.5. The subject is viewed from behind and standing with arms
stretched to the side. The system has assigned random colors to the markers to help indicate whether
they are being tracked consistently from frame to frame.

Y=

Fig. 5.10. The output of the algorithm after two seconds of arm movement. The algorithm has
detected a number of rigid links between moving markers, including a couple that are not expected
by the persistent model. For example, a rigid link was detected between the sternum (yellow) and
the left elbow.
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Fig. 5.11. The output of the algorithm after 2.5 seconds of movement. After seeing the additional
movement, the algorithm has removed rigid links that proved not to satisfy the rigid link model. We
are one link short of matching the full rigid link graph from Figure 5.6.

Fig. 5.12. The output of the algorithm after 3 seconds of movement. After the final rigid link has
been detected, the first property of the persistent model described in Section 5.3 has been satisfied.
The remaining properties are used to label the markers, which is here indicated by a change in color.
E.g., elbow markers have been colored turquoise, and wrist markers green. Also, left side markers
are displayed slightly darker than the left.

5.5 CONCLUSIONS

We have presented a novel dynamic Markov random field framework which unifies the tracking,
labeling, and pose estimation steps of motion capture in a optical marker-based system, and demon-
strated its ability to reconstruct and track the kinematic structure of a moving body with no a priori
model. Our experimental results show that this approach can lead to an accurate model of a human
body, joint position estimation, as well as improved marker tracking. This could eliminate require-
ments for manual model entry, which can potentially make the process of using motion capture

systems easier and less tedious.
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We have also utilized a straightforward method of matching the automatically constructed
model to a pre-labeled, persistent model. We provided a simple example of a persistent model, and
a matching algorithm specific to that example. In our future work, we are interested in developing a
more general framework which can perform matching using arbitrary properties. We are also inter-
ested in the automatic construction of persistent models - i.e., given a few instances of automatically
constructed kinematic models all known to correspond to the same persistent model, we would like
to infer the elements and the properties of that persistent model automatically.

Another interesting application of this method lies in its extension to markerless tracking. As
the MRF-based algorithm is not inherently tied to the 3D observations provided by a marker-based
system, it can be augmented to instead work with regular cameras (e.g., with two dimensional point
feature locations, or contour-based observations).

Eventually, we hope that this novel method can be used to provide accurate, seamless, and
non-intrusive motion capture for human-computer interaction. We are currently working on moving

the implementation of the algorithm to a library released under an open source license [40].



6. CONCLUSIONS AND FUTURE WORK

Chapters 2, 3, and 4 presented a cohesive body of work that deals with probabilistic graph-based
models for pattern modeling, recognition, and synthesis. The AHMM+EC model presented in
Chapter 2 provided a theoretical basis which both unifies a number of individual models typically
used in pattern modeling, and maintains a level of simplicity which makes it easy to use when
implementing generic algorithms.

This theoretical basis allowed us to apply the concept of semantic states presented through
the SNM model in Chapter 3 in a way that is simultaneously applicable to all models that are
special cases of the AHMM+EC model. This shows the usefulness of the AHMM+EC in allowing
theoretical extensions to be stated once for the general model and be applicable to a number of its
special cases.

Using the AHMMA+EC as a basis for the implementation of the AME Patterns library showed
the practical usefulness of the model, in allowing algorithms to be implemented once for the general
model and being immediately applicable to all of its special case submodels.

The future work on probabilistic graph-based models treated in Chapters 2, 3, and 4 will lie
mainly in the further development of the AME Patterns library. There are many advances in the
fields of pattern modeling, recognition, and synthesis that have occurred in individual disciplines,
and implementations of such advances are typically only available in libraries specifically related to
the individual disciplines (if at all). Reimplementing such advances into the AME Patterns library
will allow them to be useful across fields, and benefit a broader pattern analysis community.

Chapter 5 presented a novel dynamic Markov random field framework which unifies a number
of steps of motion capture in an optical marker-based system. This approach allowed us to recon-
struct and track the kinematic structure of a moving body with no a priori model, and showed several

additional improvements to the performance of existing motion capture system.
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Future work in this area lies mostly in adapting the approach to other modalities of motion

capture (e.g., video-based techniques), and improving the implementation.
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